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SMALL MODELS, LARGE CARDINALS, AND INDUCED IDEALS
PETER HOLY AND PHILIPP LU¨CKE
Abstract. We show that many large cardinal notions up to measurability can be characterized through
the existence of certain filters for small models of set theory. This correspondence will allow us to obtain
a canonical way in which to assign ideals to many large cardinal notions. This assignment coincides with
classical large cardinal ideals whenever such ideals had been defined before. Moreover, in many important
cases, relations between these ideals reflect the ordering of the corresponding large cardinal properties both
under direct implication and consistency strength.
1. Introduction
The work presented in this paper is motivated by the aim to develop general frameworks for large cardinal
properties and their ordering under both direct implication and consistency strength. We develop such a
framework for large cardinal notions up to measurability, that is based on the existence of set-sized models
and ultrafilters for these models satisfying certain degrees of amenability and normality. This will cover
several classical large cardinal concepts like inaccessibility, weak compactness, ineffability, Ramseyness and
measurability, and also many of the Ramsey-like cardinals that are an increasingly popular subject of
recent set-theoretic research (see, for example, [4], [5], [6], [9], [10], [16], [27], and [29]), but in addition, it
canonically yields a number of new large cardinal notions. We then use these large cardinal characterizations
to canonically assign ideals to large cardinal notions, in a way that generalizes all such assignments previously
considered in the set-theoretic literature, like the classical definition of the weakly compact ideal, the ineffable
ideal, the completely ineffable ideal and the Ramsey ideal. In a great number of cases, we can show that the
ordering of these ideals under inclusion directly corresponds to the ordering of the underlying large cardinal
notions under direct implication. Similarly, the ordering of these large cardinal notions under consistency
strength can usually be read off these ideals in a simple and canonical way. In combination, these results
show that the framework developed in this paper provides a natural setting to study the lower reaches of
the large cardinal hierarchy.
1.1. Characterization schemes. Starting from measurability upwards, many important large cardinal
notions are defined through the existence of certain ultrafilters that can be used in ultrapower constructions
in order to produce elementary embeddings j : V −→M of the set-theoretic universe V into some transitive
class M with the large cardinal in question as their critical point. A great variety of results shows that
many prominent large cardinal properties below measurability can be characterized through the existence of
filters that only measure sets contained in set-sized models M of set theory.1 For example, the equivalence
of weak compactness to the filter property (see [1, Theorem 1.1.3]) implies that an uncountable cardinal κ
is weakly compact if and only if for every model M of ZFC− of cardinality at most κ that contains κ, there
exists an uniform2 M -ultrafilter U on κ that is <κ-complete in V.3 Isolating what was implicit in folklore
results (see, for example, [26]), Gitman, Sharpe and Welch showed that Ramseyness can be characterized
through the existence of countably complete ultrafilters for transitive ZFC−-models of cardinality κ (see
[9, Theorem 1.3] or [29, Theorem 1.5]). More examples of such characterizations are provided by results of
Kunen [24], Kleinberg [23] and Abramson–Harrington–Kleinberg–Zwicker [1]. Their characterizations can
be formulated through the following scheme, which is hinted at in the paragraph before [1, Lemma 3.5.1]:
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1In the following, we identify (not necessarily transitive) classes M with the ǫ-structure 〈M,∈〉. In particular, given some
theory T in the language of set theory, we say that a class M is a model of T (and write M |= T ) if and only if 〈M,∈〉 |= T .
2All relevant definitions can be found in Section 2.
3I.e., arbitrary intersections of less than κ-many elements of U in V are nonempty.
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An uncountable cardinal κ has the large cardinal property Φ(κ) if and only if for some (equivalently, for
all) sufficiently large regular cardinal(s) θ and for some (equivalently, for all) countable M ≺ H(θ) with
κ ∈ M , there exists a uniform M -ultrafilter U on κ with the property that the statement Ψ(M,U) holds.
Their results show that this scheme holds true in the following cases:
• [1] Φ(κ) ≡ “κ is inaccessible” and Ψ(M,U) ≡ “U is <κ-amenable and <κ-complete for M ”.4
• [24] Φ(κ) ≡ “κ is weakly compact” and Ψ(M,U) ≡ “U is κ-amenable and <κ-complete for M ”.
• [23] Φ(κ) ≡ “κ is completely ineffable” and Ψ(M,U) ≡ “U is κ-amenable for M and M -normal ”.
Generalizing the above scheme, our large cardinal characterizations will be based on three schemes that
are introduced below. In order to phrase these schemes in a compact way, we introduce some terminology.
As usual, we say that some statement ϕ(β) holds for sufficiently large ordinals β if there is an α ∈ Ord such
that ϕ(β) holds for all α ≤ β ∈ Ord. Given infinite cardinals λ ≤ κ, a ZFC−-model M is a (λ, κ)-model
if it has cardinality λ and (λ + 1) ∪ {κ} ⊆ M . A (κ, κ)-model is called a weak κ-model. A κ-model is a
weak κ-model that is closed under <κ-sequences.5 Moreover, given an infinite cardinal θ and a class S of
elementary submodels of H(θ), we say that some statement ψ(M) holds for many models in S if for every
x ∈ H(θ), there exists an M in S with x ∈M for which ψ(M) holds. Finally, we say that a statement ψ(M)
holds for many transitive weak κ-models M if for every x ⊆ κ, there exists a transitive weak κ-model M
with x ∈M for which ψ(M) holds.
Scheme A. An uncountable cardinal κ has the large cardinal property Φ(κ) if and only if for all sufficiently
large regular cardinals θ and all infinite cardinals λ < κ, there are many (λ, κ)-models M ≺ H(θ) for which
there exists a uniform M -ultrafilter U on κ with Ψ(M,U).
Scheme B. An uncountable cardinal κ has the large cardinal property Φ(κ) if and only if for many transitive
weak κ-models M there exists a uniform M -ultrafilter U on κ with Ψ(M,U).
Scheme C. An uncountable cardinal κ has the large cardinal property Φ(κ) if and only if for all sufficiently
large regular cardinals θ, there are many weak κ-models M ≺ H(θ) for which there exists a uniform M -
ultrafilter U on κ with Ψ(M,U).
Trivial examples of valid instances of the Schemes A and C can be obtained by considering the properties
Φ(κ) ≡ Φms(κ) ≡ “κ is measurable” and Ψ(M,U) ≡ Ψms(M,U) ≡ “U is M -normal and U = F ∩M
for some F ∈ M”. In contrast, Scheme B cannot provably hold true for Φ(κ) ≡ Φms(κ) and a property
Ψ(M,U) of models M and M -ultrafilters U whose restriction to κ-models and filters on κ is definable by
a Π21-formula over Vκ, because the statement that for many transitive weak κ-models M there exists a
uniform M -ultrafilter U on κ with Ψ(M,U) could then again be formulated by a Π21-sentence over Vκ, and
measurable cardinals are Π21-indescribable (see [22, Proposition 6.5]). Since the measurability of κ can be
expressed by a Σ21-formula over Vκ, this shows that there is no reasonable
6 characterization of measurability
through Scheme B. In order to have a trivial example for a valid instance of Scheme B available, we make
the following definition:
Definition 1.1. An uncountable cardinal κ is locally measurable if and only if for many transitive weak
κ-models M there exists a uniform M -normal M -ultrafilter U on κ with U ∈M .
By the transitivity of the models M involved, Scheme B then holds true for the properties Φ(κ) ≡
Φlms(κ) ≡ “κ is locally measurable” and Ψ(M,U) ≡ Ψms(M,U). Standard arguments show that measur-
able cardinals are locally measurable limits of locally measurable cardinals. In addition, we will show that
consistency-wise, locally measurable cardinals are strictly above all other large cardinal notions discussed
in this paper. We will also show that locally measurable cardinals are Ramsey. In contrast, they are not
necessarily ineffable, for ineffable cardinals are known to be Π12-indescribable, while local measurability is a
Π12-property of κ.
1.2. Large cardinal characterizations. In combination with existing results, the work presented in this
paper will yield a complete list of large cardinal properties that can be characterized through the above
schemes by considering filters possessing various degrees of amenability and normality. In order to present
these results in a compact way, we introduce abbreviations for the relevant properties of cardinals, models
and filters. All relevant definitions will be provided in the later sections of our paper.
• Φia(κ) ≡ “κ is inaccessible ”, Ψia(M,U) ≡ “U is <κ-amenable and <κ-complete for M ”.
4Note that, here and in the following, in order to avoid mention of κ within Ψ(M,U), the cardinal κ could be defined as
being the least M -ordinal η satisfying
⋃
U ⊆ η.
5Note that, unlike some authors, we do not require (weak) κ-models to be transitive.
6Let us remark that any reasonable characterization of a large cardinal notion through one of the above schemes should
make use of a formula Ψ that is of lower complexity than the formula Φ, for otherwise one can obtain trivial characterizations
through any of the three schemes by setting Ψ(M,U) ≡ Φ(
⋃⋃
U).
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• Φwc(κ) ≡ “κ is weakly compact”, Ψwc(M,U) ≡ “U is κ-amenable and <κ-complete for M ”.
• Ψδ(M,U) ≡ “U is M -normal”.
• ΨWC(M,U) ≡ “U is <κ-amenable for M and M -normal”.
• Φwie(κ) ≡ “κ is weakly ineffable”, Ψwie(M,U) ≡ “U is genuine”.
• Φie(κ) ≡ “κ is ineffable”, Ψie(M,U) ≡ “U is normal”.
• Φcie(κ) ≡ “κ is completely ineffable”, Ψcie(M,U) ≡ “U is κ-amenable for M and M -normal”.
• ΦwR(κ) ≡ “κ is weakly Ramsey”,
ΨwR(M,U) ≡“U is κ-amenable for M , M -normal, and Ult(M,U) is well-founded”.
• ΦωR(κ) ≡ “κ is ω-Ramsey”.
• ΦR(κ) ≡ “κ is Ramsey”,
ΨR(M,U) ≡ “U is κ-amenable for M , M -normal and countably complete”.
• ΦiR(κ) ≡ “κ is ineffably Ramsey”,
ΨiR(M,U) ≡“U is κ-amenable for M , M -normal and stationary-complete”.
• ΦnR(κ) ≡ “κ is ∆∀ω-Ramsey”, ΨnR(M,U) ≡ “U is κ-amenable for M and normal”.
• ΦstR(κ) ≡ “κ is strongly Ramsey”,
ΨstR(M,U) ≡ “M is a κ-model, U is κ-amenable for M and M -normal”.
• ΦsuR(κ) ≡ “κ is super Ramsey”,
ΨsuR(M,U) ≡ “M ≺ H(κ+) is a κ-model, U is κ-amenable for M and M -normal”.
First, note that some of the large cardinal properties appearing in the above list are already defined
through one of the above schemes, yielding the following trivial correspondences:
• Scheme B holds true in the following cases:
– Φ(κ) ≡ ΦstR(κ) and Ψ(M,U) ≡ ΨstR(M,U).
– Φ(κ) ≡ ΦsuR(κ) and Ψ(M,U) ≡ ΨsuR(M,U).
• Scheme C holds true in the following cases:
– Φ(κ) ≡ ΦωR(κ) and Ψ(M,U) ≡ ΨwR(M,U).
– Φ(κ) ≡ ΦnR(κ) and Ψ(M,U) ≡ ΨnR(M,U).
The following theorem summarizes our results, together with a number of known results. Items (1), (2a)
and (4(b)i) extend the classical results of Kunen, Kleinberg, and Abramson–Harrington–Kleinberg–Zwicker
from [1] mentioned above.7 Item (3a) is the result from Gitman, Sharpe and Welch mentioned above. Items
(5b) and (5c) are due to Abramson, Harrington, Kleinberg and Zwicker in [1, Theorem 1.1.3, Theorem 1.2.1
and Corollary 1.3.1].
Theorem 1.2. (1) Schemes A, B and C hold true in case Φ(κ) ≡ Φwc(κ) and Ψ(M,U) ≡ Ψwc(M,U).
(2) Schemes A and C both hold true in the following cases:
(a) Φ(κ) ≡ Φcie(κ) and Ψ(M,U) ≡ Ψcie(M,U).
(b) Φ(κ) ≡ ΦωR(κ) and Ψ(M,U) ≡ ΨwR(M,U).
(c) Φ(κ) ≡ ΦnR(κ) and either
(i) Ψ(M,U) ≡ ΨiR(M,U), or
(ii) Ψ(M,U) ≡ ΨnR(M,U).
(3) Scheme B holds true in the following cases:
(a) Φ(κ) ≡ ΦR(κ) and Ψ(M,U) ≡ ΨR(M,U).
(b) Φ(κ) ≡ ΦiR(κ) and Ψ(M,U) ≡ ΨiR(M,U).
(4) Scheme A holds true in the following cases:
(a) Φ(κ) ≡ “κ is regular” and either
(i) Ψ(M,U) ≡ “U is <κ-complete for M ”, or
(ii) Ψ(M,U) ≡ Ψie(M,U).
(b) Φ(κ) ≡ Φia(κ) and either
(i) Ψ(M,U) ≡ Ψia(M,U), or
(ii) Ψ(M,U) ≡ “U is <κ-amenable for M and normal”.
(5) Schemes B and C hold true in the following cases:
(a) Φ(κ) ≡ Φwc(κ) and either
(i) Ψ(M,U) ≡ Ψia(M,U),
(ii) Ψ(M,U) ≡ “U is stationary-complete, M -normal and <κ-amenable for M ”.
(b) Φ(κ) ≡ Φwie(κ) and Ψ(M,U) ≡ Ψwie(M,U).
(c) Φ(κ) ≡ Φie(κ) and Ψ(M,U) ≡ Ψie(M,U).
7These could of course have been stated in terms of the existence of many countable models M ≺ H(θ) in [1]. Note that
the arguments of [1] are strongly based on the existence of generic filters over countable models of set theory, hence we will
need to follow a very different line of argument.
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The above results are summarized in abbreviated form in Tables 1, 2 and 3 below.8 The meaning of the
tables should be clear to the reader when compared with the results presented in Theorem 1.2. Note that no
normality properties weaker than genuineness appear in Table 1, because it turns out that these properties
alone cannot be used to characterize large cardinal properties (see Theorem 5.1 and the discussion following
Theorem 7.2). All entries in Table 3 that are not mentioned within the statement of Theorem 1.2 will be
immediate consequences of the definitions of the large cardinal notions that will be introduced later in our
paper. Furthermore, let us remark that our results (some of which are mentioned already within Theorem
1.2) will show that the size of the models considered is irrelevant once we consider elementary submodels of
(sufficiently large) H(θ)’s in Table 3.
|M | < κ |M | = κ
genuine regular weakly ineffable
normal regular ineffable
Table 1. Characterizations without amenability
<κ-amenable and . . . |M | < κ |M | = κ
<κ-complete for M inaccessible weakly compact
M -normal inaccessible weakly compact
M -normal and well-founded inaccessible weakly compact
M -normal and countably complete inaccessible weakly compact
M -normal and stationary-complete inaccessible weakly compact
genuine inaccessible weakly ineffable
normal inaccessible ineffable
Table 2. Characterizations with <κ-amenability
κ-amenable and . . . |M | = κ M ≺ H(θ)
<κ-complete for M weakly compact weakly compact
M -normal Tκω-Ramsey completely ineffable
M -normal and well-founded weakly Ramsey ω-Ramsey
M -normal and countably complete Ramsey cc∀ω-Ramsey
M -normal and stationary-complete ineffably Ramsey ∆∀ω-Ramsey
genuine ∞κω-Ramsey ∆
∀
ω-Ramsey
normal ∆κω-Ramsey ∆
∀
ω-Ramsey
Table 3. Characterizations with κ-amenability
1.3. Large cardinal ideals. We next want to study the large cardinal ideals that are canonically induced
by our characterizations.
Definition 1.3. Let Ψ(M,U) be a property of modelsM and filters U , and let κ be an uncountable cardinal.
(1) We define I<κΨ to be the collection of all A ⊆ κ with the property that for all sufficiently large regular
cardinals θ, there exists a set x ∈ H(θ) such that for all infinite cardinals λ < κ, if M ≺ H(θ) is a
(λ, κ)-model with x ∈M and U is a uniform M -ultrafilter on κ with Ψ(M,U), then A /∈ U .
(2) We define IκΨ to be the collection of all A ⊆ κ with the property that there exists x ⊆ κ such that if
M is a transitive weak κ-model with x ∈ M and U is a uniform M -ultrafilter on κ with Ψ(M,U),
then A /∈ U .
(3) We define Iκ
≺Ψ to be the collection of all A ⊆ κ with the property that for all sufficiently large regular
cardinals θ, there exists a set x ∈ H(θ) such that if M ≺ H(θ) is a weak κ-model with x ∈ M and
U is a uniform M -ultrafilter on κ with Ψ(M,U), then A /∈ U .
8Let us remark that if we were to consider models of size less than κ in Table 3 without elementarity, we would clearly
only get regularity at all levels of normality .
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It is easy to see that the collections I<κΨ , I
κ
Ψ and I
κ
≺Ψ always form ideals on κ. Moreover, if Scheme A,
B or C holds for some large cardinal property Φ(κ) and some property Ψ(M,U) of models M and filters
U , then the statement that Φ(κ) holds for some uncountable cardinal κ implies the properness of the ideal
I<κΨ , I
κ
Ψ, or I
κ
≺Ψ respectively. In addition, in all cases covered by Theorem 1.2 (and also in most other
natural situations), the converse of this implication also holds true. This is trivial for instances of Scheme
B. For instances of Schemes A and C, this is an easy consequence of the observation that all properties Ψ
listed in the theorem are restrictable, i.e. given uncountable cardinals θ¯ < θ, if M ≺ H(θ) with θ¯ ∈ M ,
κ ∈ M ∩ θ¯ is a cardinal and U is a uniform M -ultrafilter on κ with Ψ(M,U), then Ψ(M¯, U) holds, where
M¯ = M ∩ H(θ¯) ≺ H(θ¯). Moreover, in Lemma 2.3 below, we will see that in most cases these ideals are in
fact normal ideals.
The above definitions provide uniform ways to assign ideals to large cardinal properties. The next theorem
shows that, in the cases where such canonical ideals were already defined, these assignments turn out to
coincide with the known notions. In the following, given an abbreviation Ψ... for a property of models and
filters from the above list, we will write I<κ... instead of I
<κ
Ψ...
, Iκ≺... instead of I
κ
≺Ψ...
, and Iκ... instead of I
κ
Ψ...
.
Item (3) below is essentially due to Baumgartner (see [3, Section 2]). The weakly ineffable ideal and the
ineffable ideal were introduced by Baumgartner in [2]. The completely ineffable ideal was introduced by
Johnson in [20]. Item (6) below is a generalization of a result for countable models by Kleinberg mentioned
in [23] after the proof of its Theorem 2. The Ramsey ideal and the ineffably Ramsey ideal were introduced
by Baumgartner in [3]. Items (7) and (8) are essentially due to Mitchell (see [5, Theorem 2.10]).
Theorem 1.4. (1) If κ is inaccessible, then I<κia is the bounded ideal on κ.
(2) If κ is a regular and uncountable cardinal, then I<κδ is the non-stationary ideal on κ.
(3) If κ is a weakly compact cardinal, then IκWC is the weakly compact ideal on κ.
(4) If κ is a weakly ineffable cardinal, then Iκwie is the weakly ineffable ideal on κ.
(5) If κ is an ineffable cardinal, then Iκie is the ineffable ideal on κ.
(6) If κ is a completely ineffable cardinal, then Iκ≺cie is the completely ineffable ideal on κ.
(7) If κ is a Ramsey cardinal, then IκR is the Ramsey ideal on κ.
(8) If κ is an ineffably Ramsey cardinal, then IκiR is the ineffably Ramsey ideal on κ.
(9) If κ is a measurable cardinal, then the complement of Iκ≺ms is the union of all normal ultrafilters on
κ.
1.4. Structural properties of large cardinal ideals. We show that many aspects of the relationship
between different large cardinal notions are reflected in the relationship of their corresponding ideals.
First, our results will show that, for many important examples, the ordering of large cardinal properties
under direct implication turns out to be identical to the ordering of their corresponding ideals under inclusion.
Next, our approach to show that the ordering of large cardinal properties by their consistency strength
can also be read off from the corresponding ideals is motivated by the fact that the well-foundedness of
the Mitchell order (see [17, Lemma 19.32]) implies that for every measurable cardinal κ, there is a normal
ultrafilter U on κ with the property that κ is not measurable in Ult(V, U). Translated into the context of
our paper (using Theorem 1.4.(9)) this shows that the set of all non-measurables below κ is not contained
in the ideal Iκ≺ms.
9 To generalize this to other large cardinal properties Φ, if κ is a cardinal, we let
NκΦ = {α < κ | ¬Φ(α)}.
If Φ... is an abbreviation for a large cardinal property, then we write N
κ
... instead of N
κ
Φ...
. We show that the
above result for measurable cardinals can be generalized to many other important large cardinal notions.10
More precisely, for various instances of our characterization schemes, we will show that the above set of
ordinals without the given large cardinal property is not contained in the corresponding ideal. These results
can be seen as indicators that the derived characterization and the associated ideal canonically describe
the given large cardinal property, as one would expect these cardinals to lose some of their large cardinal
properties in their ultrapowers. Moreover, our results also show that, in many important cases, the fact that
some large cardinal property Φ∗ has a strictly higher consistency strength than some other large cardinal
property Φ is equivalent to the fact that Φ∗(κ) implies that the set NκΦ is an element of the ideal on κ
corresponding to Φ∗. This allows us to reconstruct the consistency strength ordering of these properties
from structural properties of their corresponding ideals. Together with the correspondence described in the
last paragraph, it also shows that, in many cases, the fact that some large cardinal property Φ∗ provably
implies a large cardinal property Φ of strictly lower consistency strength yields that Φ(κ) implies the ideal
on κ corresponding to Φ to be a proper subset of the ideal on κ corresponding to Φ∗.
9We will also provide an easy argument for this result that does not make any use of the Mitchell order in Lemma 16.2.
10For Ramsey, strongly Ramsey, and super Ramsey cardinals, this also follows from the results of [4], where the notion of
Mitchell rank is generalized to apply to these large cardinal notions.
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Finally, we consider the question whether there are fundamental differences between the ideal Iκ≺ms
induced by measurability and the ideals induced by weaker large cardinal notions. By classical results of
Kunen (see [22, Theorem 20.10]), it is possible that there is a unique normal measure on a measurable
cardinal κ. In this case, the ideal Iκ≺ms is equal to the complement of this measure and hence the induced
partial order P(κ)/Iκ≺ms is trivial, hence in particular atomic. We study the question whether the partial
orders induced by other large cardinal ideals can also be atomic, conjecturing that the possible atomicity of
the quotient partial order is a property that separates measurability from all weaker large cardinal properties
(this is motivated by Lemma 16.3 below). This conjecture turns out to be closely related to the previous
topics, and we will verify it for many prominent large cardinal properties.
The following theorem provides selected instances of our results, namely some of their consequences
for large cardinal notions that had already been introduced in the set theoretic literature. Item (1) and
the statement that I<κia ⊆ I
κ
WC in Item (2) below are of course trivial consequences of Theorem 1.4. The
statement that Nκia belongs to the weakly compact ideal in Item (2) has been shown by Baumgartner in [3,
Theorem 2.8]. The statement that IκWC ⊆ I
κ
wie in Item (3) has been shown by Baumgartner in [2, Theorem
7.2]. That Nκie ∈ I
κ
≺cie in Item (5) was shown by Johnson in [19, Corollary 4], however we will also provide
an easy self-contained argument of this result later on for the benefit of our readers. Gitman has shown that
weakly Ramsey cardinals (which are also known under the name of 1-iterable cardinals) are weakly ineffable
limits of completely ineffable cardinals (see [9, Theorem 3.3 and Theorem 3.7]). Her arguments in the proof
of [9, Theorem 3.7] actually show that if κ is a weakly Ramsey cardinal, then Nκcie ∈ I
κ
wR, as in Item (6).
That IκwR ⊆ I
κ
R in Item (7) is already immediate from our above definitions. The proof of [10, Theorem 4.1]
shows that NκwR ∈ I
κ
R, as in Item (7). That N
κ
R /∈ I
κ
R in Item (7), and I
κ
R ∪ {N
κ
R} ⊆ I
κ
iR and N
κ
iR /∈ I
κ
iR in
Item (8) are due to Feng (see [8, Corollary 4.4 and Theorem 4.5]). Moreover, Theorem 1.4 directly shows
that Iκie ⊆ I
κ
iR holds for ineffably Ramsey cardinals κ. That N
κ
stR /∈ I
κ
stR in Item (9) and that N
κ
suR /∈ I
κ
suR
in Item (10) follows easily from the results of [4], and these statements will also be immediate consequences
of fairly general results from our paper. That Iκ≺cie * I
κ
suR in Item (10) was brought to our attention by
Gitman, after we had posed this as an open question in an early version of this paper. The final statement
of Item (12) is an immediate consequence of the above-mentioned result of Kunen.
Theorem 1.5. (1) If κ is an inaccessible cardinal, then Nκia /∈ I
<κ
ia , and P(κ)/I
<κ
ia is not atomic.
(2) If κ is a weakly compact cardinal, then I<κia ∪ {N
κ
ia} ⊆ I
κ
WC , N
κ
wc /∈ I
κ
WC , and P(κ)/I
κ
WC is not
atomic.
(3) If κ is a weakly ineffable cardinal, then IκWC ∪ {N
κ
wc} ⊆ I
κ
wie, N
κ
wie /∈ I
κ
wie, and P(κ)/I
κ
wie is not
atomic.
(4) If κ is an ineffable cardinal, then Iκwie ∪ {N
κ
wie} ⊆ I
κ
ie, N
κ
ie /∈ I
κ
ie, and P(κ)/I
κ
ie is not atomic.
(5) If κ is a completely ineffable cardinal, then Iκie ∪ {N
κ
ie} ⊆ I
κ
≺cie, N
κ
cie /∈ I
κ
≺cie, and P(κ)/I
κ
≺cie is not
atomic.
(6) If κ is a weakly Ramsey cardinal, then Iκwie ∪{N
κ
cie} ⊆ I
κ
wR, N
κ
wR /∈ I
κ
wR, I
κ
ie * I
κ
wR, and P(κ)/I
κ
wR is
not atomic.
(7) If κ is a Ramsey cardinal, then IκwR ∪ {N
κ
wR} ⊆ I
κ
R, N
κ
R /∈ I
κ
R, I
κ
ie * I
κ
R, and P(κ)/I
κ
R is not atomic.
(8) If κ is an ineffably Ramsey cardinal, then Iκie∪I
κ
R∪{N
κ
R} ⊆ I
κ
iR, N
κ
iR /∈ I
κ
iR, I
κ
≺cie * I
κ
iR, and P(κ)/I
κ
iR
is not atomic.
(9) If κ is strongly Ramsey, then IκR ∪ {N
κ
iR} ⊆ I
κ
stR, N
κ
stR /∈ I
κ
stR, I
κ
ie * I
κ
stR, and P(κ)/I
κ
stR is not
atomic.
(10) If κ is super Ramsey, then IκiR ∪ I
κ
stR ∪ {N
κ
stR} ⊆ I
κ
suR, N
κ
suR /∈ I
κ
suR, I
κ
≺cie * I
κ
suR, and P(κ)/I
κ
suR is
not atomic.
(11) If κ is locally measurable, then IκstR ∪ {N
κ
suR} ⊆ I
κ
ms, N
κ
lms /∈ I
κ
ms, I
κ
ie * I
κ
ms, and P(κ)/I
κ
ms is not
atomic.
(12) If κ is measurable, then Iκ≺cie ∪ I
κ
suR ∪ I
κ
ms ∪ {N
κ
lms} ⊆ I
κ
≺ms, N
κ
ms /∈ I
κ
≺ms, and P(κ)/I
κ
≺ms may be
atomic.
Note that the above statements show that the linear ordering of the mentioned large cardinal properties
by their consistency strength can be read off from the containedness of sets of the form NκΦ in the induced
ideals. Moreover, all provable implications and consistent non-implications can be read of from the ordering
of the corresponding ideals under inclusion. For example, the fact that ineffability and Ramseyness do not
provably imply each other corresponds to the fact that Iκie * I
κ
R * I
κ
ie holds whenever κ is both ineffable and
Ramsey, where the second non-inclusion is a consequence of Nκie ⊆ N
κ
cie ∈ I
κ
wR ⊆ I
κ
R and N
κ
ie /∈ I
κ
ie.
Figure 1 below summarizes the structural statements listed in Theorem 1.5. In this diagram, a provable
inclusion I1 ⊆ I0 of large cardinal ideals is represented by a solid arrow I0 // I1 . Moreover, if I1 is an
ideal induced by a large cardinal property Φ, then a dashed arrow I0 //❴❴❴ I1 represents the statement
that NκΦ ∈ I0 provably holds.
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Figure 1. Ordering of large cardinal ideals.
2. Some basic notions
A key ingredient for our results will be the generalization of a number of standard notions to the context
of non-transitive models, and, in the case of elementary embeddings, also to possibly non-wellfounded target
models. While most of these definitions are very much standard, we will take some care in order to present
them in a way that makes them applicable also in these generalized settings. They clearly correspond to
their usual counterparts in the case of transitive models M . In the following, we let ZFC− denote the
collection of axioms of ZFC without the powerset axiom (but, as usual, with the axiom scheme of Collection
rather than the axiom scheme of Replacement). In order to avoid unnecessary technicalities, we restrict
our attention to Σ0-correct models, i.e. models that are Σ0-elementary in V. Since every Σ0-elementary
submodel of a transitive class is Σ0-correct, all models considered in the above schemes are Σ0-correct. Note
that if M is Σ0-correct, α ∈M is an ordinal in M and f ∈M is a function with domain α in M , then α is
an ordinal and f is a function with domain α.
Definition 2.1 (Properties of M -ultrafilters). Let M be a class that is a Σ0-correct model of ZFC
− and
let κ be a cardinal of M .
• A collection U ⊆M ∩ P(κ) is an M -ultrafilter on κ if 〈M,U〉 |= “U is an ultrafilter on κ”.
In the following, let U denote an M -ultrafilter on κ.
• U is non-principal if {α} /∈ U for all α < κ.
• U contains all final segments of κ in M if [α, κ) ∈ U whenever α ∈M ∩ κ.
• U is uniform if |x|M = κ for all x ∈ U .
• U is <κ-amenable (respectively, κ-amenable) for M if whenever α < κ (respectively, α = κ) and
〈xβ | β < α〉 is a sequence of subsets of κ that is an element of M , then
〈M,U〉 |= “∃x ∀β < α [xβ ∈ U ←→ β ∈ x] ”.
11
• Given α ≤ κ in M , U is <α-complete for M if 〈M,U〉 |= “U is <α-complete”.
11Note that, from the point of view of V , given such a sequence 〈xβ | β < α〉, a witness x for amenability in M need only
satisfy that “xβ ∈ U ←→ β ∈ x” whenever β ∈M ∩ α.
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• U is M -normal if 〈M,U〉 |= “U is normal”.
• U is M -normal with respect to ⊆-decreasing sequences if whenever 〈xα | α < κ〉 is a sequence of
subsets of κ that is an element of M and satisfies
〈M,U〉 |= “∀α ≤ β < κ [xα ∈ U ∧ xβ ⊆ xα] ”,
then 〈M,U〉 |= “∆α<κxα ∈ U ”.
12
• U is countably complete if whenever 〈xn | n < ω〉 is a sequence of elements of U , then
⋂
n<ω xn 6= ∅.
• U is stationary-complete if whenever 〈xn | n < ω〉 is a sequence of elements of U , then
⋂
n<ω xn is
a stationary subset of κ.
• U is genuine if either |U | = κ and ∆α<κUα is unbounded in κ for every sequence 〈Uα | α < κ〉 of
elements of U , or |U | < κ and
⋂
U is unbounded in κ.
• U is normal if either ∆α<κUα is a stationary subset of κ for every (or equivalently, for some)
enumeration 〈Uα | α < κ〉 of U , or |U | < κ and
⋂
U is a stationary subset of κ.
The following observation shows that for weak κ-models, the first columns of Table 2 and of Table 3 list
the above properties according to their strength.
Lemma 2.2. In the situation of Definition 2.1, if additionally κ is regular and κ ⊆ M , and U is genuine
and contains all final segments of κ in M , then U is M -normal and stationary-complete.
Proof. Assume that U is a genuine M -ultrafilter. In order to show that U is M -normal, let 〈xα | α < κ〉 be
a sequence of elements of U in M . If this sequence had diagonal intersection x /∈ U , then the complement y
of x would be an element of U . But then the set ∆α<κ(y ∩ xα) = {0} is a diagonal intersection of elements
of U , contradicting that U is genuine.
In order to show that U is stationary-complete, let 〈xn | n < ω〉 be a sequence of elements of U and let
C be a club subset of κ consisting of limit ordinals. Let 〈Uα | α < κ〉 be the sequence of elements of U with
Un = xn for every n < ω and Uα = κ \min(C \ (α+ 1)) for every ω ≤ α < κ. It is easy to check that
∆α<κUα ⊆ ω ∪ C
holds. Using that U is genuine, it follows that ∆α<κUα is an unbounded subset of κ. In particular, we know
that C ∩
⋂
i<ω xi 6= ∅, showing that U is stationary-complete. 
Lemma 2.3. If Ψ(M,U) implies that U is M -normal, then the ideals I<κΨ , I
κ
Ψ and I
κ
≺Ψ are all normal.
Proof. We will only present the proof for the ideal I<κΨ , which requires the most difficult argument of the
three. Assume thus that ~A = 〈Aα | α < κ〉 is a sequence of elements of I
<κ
Ψ . Fix θ sufficiently large, and
fix a sequence ~x = 〈xα | α < κ〉 such that for every α < κ, the set xα witnesses that Aα ∈ I
<κ
Ψ with respect
to θ. Pick M ≺ H(θ) such that ~x, ~A ∈ M , |M | < κ and Ψ(M,U) holds. By elementarity, ~A ∈ M implies
that ∇ ~A ∈M . Since the model 〈M,U〉 thinks that Aα 6∈ U for every α < κ and Ψ(M,U) implies that U is
M -normal, it follows that ∇ ~A 6∈ U . This argument shows that ∇ ~A ∈ I<κΨ . 
We now turn our attention to extended definitions regarding elementary embeddings. As mentioned
above, we identify classes M with the corresponding ǫ-structures 〈M,∈〉. Given transitive classes M and
N , the critical point of an elementary embedding j : M −→ N is simply defined as the least ordinal α ∈M
with j(α) > α. We need a generalization of this concept for elementary embeddings j : M −→ 〈N, ǫN 〉 when
the class M is not necessarily transitive and the ǫ-structure 〈N, ǫN 〉 is not necessarily well-founded. In the
following, we let j : M −→ 〈N, ǫN 〉 always denote an elementary embedding between ǫ-structures, whose
domain is a Σ0-correct ZFC
−-model.
Definition 2.4 (Jump). Given j :M −→ 〈N, ǫN 〉 and an ordinal α ∈M , we say that j jumps at α if there
exists an N -ordinal γ with γ ǫN j(α) and j(β) ǫN γ for all β ∈M ∩ α.
Note that, in the above situation, for every N -ordinal γ, there is at most one ordinal α in M such that
γ witnesses that j jumps at α. Moreover, elementarity directly implies that elementary embeddings only
jump at limit ordinals.
Definition 2.5 (Critical Point). Given j : M −→ 〈N, ǫN 〉, if there exists an ordinal α ∈ M such that j
jumps at α, then we denote the minimal such ordinal by crit(j), the critical point of j.
It is easy to see that if crit(j) exists and α ∈ Ord, then crit(j) > α holds if and only if
j[M ∩ α] = {β ∈ N | β ǫN j(α)}.
12An easy argument shows that an M -ultrafilter on κ that contains all final segments of κ in M |= ZFC− is M -normal if
and only if it is <κ-complete and M -normal with respect to ⊆-decreasing sequences.
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This shows that the map j ↾ (M ∩ crit(j)) is an ǫ-isomorphism between M ∩ crit(j) and the proper initial
segment {β ∈ N | ∃α < crit(j) β ǫN j(α)} of the N -ordinals. In particular, this initial segment is contained
in the well-founded part of 〈N, ǫN 〉 and therefore the ordinal otp(M ∩ crit(j)) is a subset of the transitive
collapse of this set. We will tacitly make use of these facts throughout this paper.
Next, we need to generalize the notions of <κ- and κ-powerset preservation to a non-transitive context.
The idea behind an embedding j : M −→ 〈N, ǫN 〉 being <κ-powerset preserving (respectively, κ-powerset
preserving) is that M and N contain the same subsets of ordinals below κ (respectively, the same subsets
of κ). Since the relevant subsets of M are, in a sense made precise below, always contained in N , only one
of those inclusions is part of the following definitions.
Definition 2.6 (<κ-powerset preservation). Given j : M −→ 〈N, ǫN 〉 with crit(j) = κ, the embedding j is
<κ-powerset preserving if
∀y ∈ N ∃x ∈M [∃α < M ∩ κ 〈N, ǫN 〉 |= “y ⊆ j(α) ” −→ j(x) = y] .
As we will also see later on, this notion is an important concept in the study of embeddings between
smaller models of set theory and it turns out to be closely related to the behavior of the continuum function
below κ in M .
Proposition 2.7. Let j :M −→ 〈N, ǫN 〉 with crit(j) = κ.
(1) If M |= “ If α < κ, then P(α) exists and 2α < κ” holds, then j is <κ-powerset preserving.
(2) If j is <κ-powerset preserving, then M |= “If α < κ, then there is no injection from κ into P(α)”.
Proof. (1) Pick γ ∈ M ∩ κ and y ∈ N with 〈N, ǫN 〉 |= “y ⊆ j(γ)”. By our assumptions, there is an
enumeration ~x = 〈xξ | ξ < α〉 of M ∩P(γ) in M with α < κ. By elementarity, there is an N -ordinal β with
β ǫN j(α) and 〈N, ǫN 〉 |= “y = j(~x)(β) ”. In this situation, the fact that α < κ yields ξ ∈ M ∩ α satisfying
j(ξ) = β and j(xξ) = y.
(2) Assume, towards a contradiction, that j is <κ-powerset preserving and ι : κ −→ P(α) is an injection
in M with α < κ. Let γ be an N -ordinal witnessing that j jumps at κ and pick y ∈ N satisfying
〈N, ǫN 〉 |= “ j(ι)(γ) = y ⊆ j(α)”. By our assumptions, there is x ∈M∩P(α) with j(x) = y and elementarity
yields ξ ∈ M ∩ κ with ι(ξ) = x. Since ι is an injection, this implies that j(ξ) = γ, contradicting the fact
that γ witnesses that j jumps at κ. 
The following definition shows that there is still a useful notion of a κ-powerset preserving elementary
embedding, even if we do not have a representative for κ in the target model of our embedding.
Definition 2.8 (κ-powerset preservation). Given j : M −→ 〈N, ǫN 〉 with crit(j) = κ, the embedding j is
κ-powerset preserving if
∀y ∈ N ∃x ∈M [〈N, ǫN 〉 |= “y ⊆ j(κ)” −→ M ∩ x = {α ∈M ∩ κ | j(α) ǫN y}] .
Note that if M and N are weak κ-models, then the usual notions of critical point and of κ-powerset
preservation for an embedding j :M −→ N clearly coincide with our respective notions.
We close this section by isolating a property that implies the existence of a canonical representative for
κ in the target model of our elementary embedding.
Definition 2.9 (κ-embedding). Given j :M −→ 〈N, ǫN 〉 that jumps at κ, the embedding j is a κ-embedding
if there exists an ǫN -minimal N -ordinal γ witnessing that j jumps at κ. We denote this ordinal by κ
N .13
Proposition 2.10. Given j : M −→ 〈N, ǫN 〉 with crit(j) = κ, the following statements are equivalent:
(1) j is a κ-embedding.
(2) The ordinal otp(M ∩ κ) is an element of the transitive collapse of the well-founded part of 〈N, ǫN 〉.
Proof. First, assume that j is a κ-embedding. Fix γ ∈ N with γ ǫN κN . Since κ is a limit ordinal and
κN ǫN j(κ), the fact that γ does not witness that j jumps at κ yields an α ∈ M ∩ κ with γ ǫN j(α). By
our earlier observations, this shows that j[M ∩ κ] = {β ∈ N | β ǫN κN}. In particular, the N -ordinal κN is
contained in the well-founded part of 〈N, ǫN 〉 and the transitive collapse of this set maps κN to otp(M ∩ κ).
In the other direction, assume that there is an N -ordinal β in the well-founded part of 〈N, ǫN 〉 that is
mapped to otp(M ∩ κ) by the transitive collapse of this set. By our earlier observations, this shows that
j[M ∩ κ] = {δ ∈ N | δ ǫN β}. Let γ ∈ N witness that j jumps at κ. By our computations, we then have
either β = γ or β ǫN γ. In particular, we have β ǫN j(κ) and β witnesses that j jumps at κ. But these
computations also show that β is the ǫN -minimal N -ordinal with this property. 
13If crit(j) = κ, then Proposition 2.10 shows that κN is the unique N-ordinal on which the ǫN -relation has order-typeM ∩κ.
Otherwise, κN might also depend on the embedding j, which we nevertheless suppress in our notation.
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3. Correspondences between ultrapowers and elementary embeddings
The results of this section will allow us to interchangeably talk about ultrafilters or about embeddings
for models of ZFC−. If M is a class that is a Σ0-correct model of ZFC
−, κ is a cardinal of M , and
U is an M -ultrafilter on κ, then we can use the Σ0-correctness of M
14 to define the induced ultrapower
embedding jU : M −→ 〈Ult(M,U), ǫU 〉 as usual: define an equivalence relation ≡U on the class of all
functions f : κ −→ M contained in M by setting f ≡U g if and only if {α < κ | f(α) = g(α)} ∈ U , let
Ult(M,U) consists of all sets [f ]U of rank-minimal elements of ≡U -equivalence classes, define [f ]U ǫU [g]U to
hold if and only if {α < κ | f(α) ∈ g(α)} ∈ U and set jU (x) = [cx]U , where cx ∈ M denotes the constant
function with domain κ and value x. It is easy to check that the assumption that M |= ZFC− implies that
 Los’ Theorem still holds true in our setting, i.e. we have
Ult(M,U) |= ϕ([f0]U , . . . , [fn−1]U ) ⇐⇒ 〈M,U〉 |= “∃x ∈ U ∀α ∈ x ϕ(f0(α), . . . , fn−1(α)) ”
for every first order ǫ-formula ϕ(v0, . . . , vn−1) and all functions f0, . . . , fn−1 : κ −→M in M .
Given an elementary embedding j :M −→ 〈N, ǫN 〉 that jumps at κ, let γ be a witness for this, and let
Uγj = {A ∈M ∩ P(κ) | γ ǫN j(A)}
denote theM -ultrafilter induced by γ and by j. Since γ is not in the range of j, the filter Uγj is non-principal.
If j is a κ-embedding and γ = κN , then we call Uj = U
γ
j the canonical M -ultrafilter induced by j, or simply
the M -ultrafilter induced by j.
In the following, we say that a property Ψ(M,U) of Σ0-correct ZFC
−-models M and M -ultrafilters U
corresponds to a property Θ(M, j) of such models M and elementary embeddings j : M −→ 〈N, ǫN 〉 if the
following statements hold:
• If Ψ(M,U) holds for an M -ultrafilter U , then Θ(M, jU ) holds.
• If Θ(M, j) holds for an elementary embedding j : M −→ 〈N, ǫN 〉 and γ witnesses that j jumps at
some κ ∈M , then Ψ(M,Uγj ) holds.
Most of the correspondences below are well-known, in a perhaps slightly less general setup.
Proposition 3.1. Let κ be an ordinal.
(1) “U is an M -ultrafilter on κ ∈ M that contains all final segments of κ in M ” corresponds to “ j
jumps at κ ∈M ”.
(2) Given α ≤ κ, “α ∈M and U is an M -ultrafilter on κ ∈M that is <α-complete for M and contains
all final segments of κ in M ” corresponds to “ crit(j) ≥ α ∈M and j jumps at κ ∈M ”.
(3) “U is a non-principal M -ultrafilter on κ ∈M that is <κ-complete for M ” corresponds to “ crit(j) =
κ ∈M ”.
(4) “U is a non-principal M -ultrafilter on κ ∈ M that is <κ-complete for M and <κ-amenable for M
” corresponds to “crit(j) = κ ∈M and j is <κ-powerset preserving”.
(5) “U is a non-principal M -ultrafilter on κ ∈ M that is <κ-complete and κ-amenable for M ” corre-
sponds to “crit(j) = κ ∈M and j is κ-powerset preserving”.
Proof. Throughout this proof, we let M denote a Σ0-correct ZFC
−-model with κ ∈M .
(1) Let U be an M -ultrafilter on κ that contains all final segments of κ in M . Then idκ ∈M and, given
α < κ in M , we have (α, κ) ∈ U and hence jU (α) = [cα]U ǫU [idκ]U ǫU jU (κ). Hence [idκ]U witnesses that jU
jumps at κ. In the other direction, if γ witnesses that j : M −→ 〈N, ǫN 〉 jumps at κ and α ∈ M ∩ κ, then
we have [α, κ) ∈M , γ ǫN [j(α), j(κ))N = j([α, κ)) and hence [α, κ) ∈ U
γ
j , as desired.
(2) Pick α ≤ κ in M . Let U be an M -ultrafilter on κ that is <α-complete for M and contains all final
segments of κ in M . By (1), crit(jU ) exists. Assume, towards a contradiction, that jU jumps at β < α.
Then there is f : κ −→ β inM such that [cδ]U ǫU [f ]U ǫU [cβ ]U holds for every δ ∈M∩β. By our assumptions
on M , there is a sequence 〈xδ | δ < β〉 of subsets of κ in M such that xδ = {ξ < κ | δ < f(ξ) < β} for all
δ < β and xδ ∈ U for all δ ∈M ∩ β. In this situation, the <α-completeness of U implies that
⋂
δ<β xδ ∈ U .
Pick ξ ∈M ∩
⋂
δ<β xδ. Then f(ξ) ∈M ∩ β and ξ ∈ xf(ξ), a contradiction.
In the other direction, assume that γ witnesses j : M −→ 〈N, ǫN 〉 to jump at κ, and that crit(j) ≥ α.
Pick a sequence ~x = 〈xδ | δ < β〉 ∈M with β < α, and with γ ǫN j(xδ) for all δ ∈M∩β. By our assumption,
we have j[β] = {δ ∈ N | δ ǫN j(β)}, and hence γ ǫN j(~x)(ξ) holds for all ξ ∈ N with ξ ǫN j(β). This allows
us to conclude that γ ǫN j(
⋂
δ<β xδ) and hence
⋂
δ<β xδ ∈ U
γ
j .
(3) This statement is a direct consequence of (2), because every non-principal M -ultrafilter on κ that is
<κ-complete for M contains all final segments of κ in M .
14Note that, given a Σ0-correct ZFC
−-model M and functions f, g : κ −→M in M , then the set {α < κ | f(α) = g(α)} and
{α < κ | f(α) ∈ g(α)} are both contained in M and satisfy the same defining properties in it.
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(4) Let U be a non-principal M -ultrafilter on κ that is <κ-complete for M and <κ-amenable for M .
Then (3) implies that crit(jU ) = κ. Fix a function f : κ −→ M in M and α ∈ M ∩ κ such that [f ]U is
a subset of jU (α) in 〈Ult(M,U), ǫU 〉. Then the sequence 〈xβ | β < α〉 with xβ = {ξ < κ | β ∈ f(ξ)} for
all β < α is an element of M . Given β ∈ M ∩ α,  Los’ Theorem implies that jU (β) ǫU [f ]U if and only if
xβ ∈ U . The <κ-amenability of U now yields an x ∈ M with M ∩ x = {β ∈ M ∩ α | jU (β) ǫU [f ]U}. Since
jU [α] = {γ ∈ Ult(M,U) | γ ǫU jU (α)}, extensionality allows us to conclude that jU (x) = [f ]U .
In the other direction, let j : M −→ 〈N, ǫN 〉 be a <κ-powerset preserving elementary embedding with
crit(j) = κ and let γ be any witness that crit(j) = κ. By (3), we know that Uγj is <κ-complete for M and
non-principal. Fix a sequence ~x = 〈xβ | β < α〉 of subsets of κ in M with α < κ. Then there is y ∈ N with
〈N, ǫN 〉 |= “y ⊆ j(α) ∧ ∀β < j(α) [β ∈ y ←→ γ ∈ j(~x)(β)] ”.
By our assumption, there is x ∈M with j(x) = y and
xβ ∈ U
γ
j ⇐⇒ γ ǫN j(xβ) = j(~x)(j(β)) ⇐⇒ j(β) ǫN y = j(x) ⇐⇒ β ∈ x
for all β ∈M ∩ α. This shows that 〈M,Uγj 〉 |= “∀β < α [xβ ∈ U ←→ β ∈ x] ”.
(5) Let U be a<κ-complete, non-principal and κ-amenableM -ultrafilter on κ. By (3), we have crit(j) = κ.
Fix a function f : κ −→M in M with the property that [f ]U is a subset of jU (κ) in 〈Ult(M,U), ǫU 〉. Then
M contains the sequence 〈xβ | β < κ〉 with xβ = {ξ < κ | β ∈ f(ξ)} and κ-amenability yields an x ∈ M
with M ∩ x = {β ∈ M ∩ κ | xβ ∈ U}. Given β ∈ M ∩ κ, it is now easy to see that β ∈ x if and only if
jU (β)ǫU [f ]U .
In the other direction, let j : M −→ 〈N, ǫN 〉 be κ-powerset preserving with crit(j) = κ and let γ be
a witness that j jumps at κ. Then (3) shows that U is <κ-complete and non-principal. Fix a sequence
〈xβ | β < κ〉 of subsets of κ in M and y ∈ N with
〈N, ǫN 〉 |= “y ⊆ j(κ) ∧ ∀β < j(κ) [β ∈ y ←→ γ ∈ j(~x)(β)] ”.
Then there is x ∈ M with M ∩ x = {β ∈ M ∩ κ | j(β) ǫN y}. Given β ∈ M ∩ κ, we then have β ∈ x if and
only if xβ ∈ U
γ
j . 
We next consider situations in which an elementary embedding j : M −→ 〈N, ǫN 〉 induces a canonical
M -ultrafilter U on κ, i.e. situations in which j is a κ-embedding. Given an ordinal κ, a property Ψ(M,U)
of Σ0-correct ZFC
−-models M containing κ and M -ultrafilters U on κ κ-corresponds to a property Θ(M, j)
of such models M and elementary embeddings j :M −→ 〈N, ǫN 〉 if the following statements hold:
• If Ψ(M,U) holds for an M -ultrafilter U on κ, then Θ(M, jU ) holds.
• If Θ(M, j) holds for an elementary embedding j : M −→ 〈N, ǫN 〉, then j is a κ-embedding and
Ψ(M,Uj) holds.
Proposition 3.2. “U is an M -ultrafilter on κ that is M -normal with respect to ⊆-decreasing sequences
and contains all final segments of κ in M ” κ-corresponds to “ j is a κ-embedding”.
Proof. Let M denote a Σ0-correct ZFC
−-model with κ ∈M .
First, assume that U is M -normal with respect to ⊆-decreasing sequences and contains all final segments
of κ in M . Then, the proof of Proposition 3.1.(1) shows that [idκ]U witnesses that jU jumps at κ. Assume,
towards a contradiction, that there is an f : κ −→ M in M with [f ]U ǫU [idκ]U and jU (β) ǫU [f ]U for all
β < κ. Then the sequence 〈xβ | β < κ〉 with xβ = {ξ < κ | β < f(ξ) < ξ} for all β < κ is an element of M ,
and we have xβ ∈ U for all β ∈ M ∩ κ. Since this sequence is ⊆-decreasing, we know that ∆β<κxβ ∈ U .
But then, there is ξ ∈ M ∩∆β<κxβ with ξ ∈ xf(ξ), a contradiction. This shows that [idκ]U witnesses that
jU is a κ-embedding.
Now, assume that j :M −→ 〈N, ǫN 〉 is a κ-embedding. Then, Proposition 3.1.(1) shows that U contains
all final segments of κ in M . Let ~x = 〈xβ | β < κ〉 be a ⊆-decreasing sequence of subsets of κ in M with
xβ ∈ Uj for all β ∈ M ∩ κ. Pick γ ∈ N with γ ǫN κN . Then the minimality of κN yields β ∈ M ∩ κ with
γ ǫN j(β) ǫN κ
N . Since 〈N, ǫN 〉 believes that j(~x) is ⊆-decreasing and xβ ∈ Uj implies that κN ǫN j(xβ), this
shows that κN ǫN j(~x)(γ). But this shows that κ
N ǫN j(∆β<κxβ) and hence ∆β<κxβ ∈ Uj . 
If j : M −→ 〈N, ǫN 〉 is a κ-embedding that is induced by an M -ultrafilter U , we may also write κU
rather than κN . We can now add the assumptions from Proposition 3.2 to each item in Proposition 3.1.
For example, Clauses (4) and (5) in Proposition 3.1 yields the following:
Corollary 3.3. “U is an M -ultrafilter on κ that contains all final segments of κ in M , and isM -normal and
<κ-amenable (respectively, κ-amenable) for M ” κ-corresponds to “ crit(j) = κ ∈M and j is a <κ-powerset
preserving (respectively, κ-powerset preserving) κ-embedding”. 
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Remark 3.4. Using the above results, one could easily rephrase the results from [1], [23] and [24] cited in
the introduction in order to obtain characterizations of inaccessible, of weakly compact, and of completely
ineffable cardinals in terms of the existence of certain elementary embeddings on countable elementary
submodels of structures of the form H(θ). We leave this – given the above results, straightforward – task to
the interested reader (for inaccessible cardinals, this was done in [28]).
The following lemma will be useful later on.
Lemma 3.5. Let κ be an inaccessible cardinal, let b : κ −→ Vκ be a bijection, let M be a Σ0-correct model
of ZFC− with (κ + 1) ∪ {b} ⊆ M and let j : M −→ 〈N, ǫN 〉 be a κ-powerset preserving κ-embedding with
crit(j) = κ.
(1) The map
j∗ : M ∩Vκ+1 −→ 〈{y ∈ N | y ǫN V
N
κN+1}, ǫN〉; x 7→ (j(x) ∩ VκN )
N
is an ǫ-isomorphism extending j ↾ (M ∩Vκ).
(2) There is an ǫ-isomorphism
j∗ : H(κ+)M −→ 〈{y ∈ N | y ǫN H((κ
N )+)N}, ǫN〉
extending j∗.
Proof. (1) First, note that, using Σ0-correctness, one can show that ran(b)
M = ran(b) = Vκ = V
M
κ ∈M and
VMκ+1 = Vκ+1 ∩M . Now, if x ∈ Vκ, then there is α < κ with x ⊆ Vα and, since j(α) ǫN κ
N holds, we have
j∗(x) = j(x) ǫN V
N
κN . This shows that j∗(x) ǫN V
N
κN+1 for all x ∈ Vκ and j∗ ↾ Vκ is an ǫ-homomorphism,
i.e. given x, y ∈ Vκ, we have x ∈ y if and only if j∗(x) ǫN j∗(y). The proof of Proposition 2.10 shows that
for every N -ordinal γ with γ ǫN κ
N , there is β ∈ κ with j(β) = γ. In particular, if z ∈ VMκ+1 \ Vκ, then
j∗(z) ǫN (VκN+1)
N and j∗(z) 6ǫNVNκN . This shows that j∗ is an ǫ-homomorphism and, by Extensionality, this
also shows that j∗ is injective.
Now, pick a club subset C of κ in M with b[α] = Vα for all α ∈ C. Note that the bijectivity of b implies
that b[x]∩Vα = b[x∩α] holds for all α ∈ C and x ⊆ κ. Since j[κ] is the set of all elements of κN in 〈N, ǫN 〉,
elementarity implies that κN ǫN j(C) and
j[Vκ] = (j ◦ b)[κ] = {y ∈ N | y ǫN (j(b)[κ
N ])N} = {y ∈ N | y ǫN V
N
κN }.
Finally, pick z ∈ N with z ǫN VNκN+1. By elementarity and the above computations, there is y ∈ N with
〈N, ǫN 〉 |= “y ⊆ κN ∧ j(b)[y] = z ”. Using that j is κ-powerset preserving, pick x ∈ P(κ)M satisfying
x = M ∩ x = {α < κ | j(α) ǫN y}.
Then b[x] ∈ VMκ+1 and the fact that κ
N ǫ j(C) implies that
j∗(b[x]) = ((j(b)[j(x)]) ∩ VκN )
N = (j(b)[j(x) ∩ κN ])N .
Claim. j∗(b[x]) = z.
Proof of the Claim. First, fix u ∈ N with u ǫN j∗(b[x]). Then there is an N -ordinal γ with γ ǫN κN , γ ǫN j(x)
and (j(b)(γ))N = u. In this situation, we can find β < κ with j(β) = γ and j(b(β)) = u. But then
elementarity implies that β ∈ x, γ ǫN y and u ǫN z. In the other direction, fix u ∈ N with u ǫN z. Then there
is an N -ordinal γ with γ ǫN y and (j(b)(γ))
N = u. As above, we can find β < κ with j(β) = γ. Then β ∈ x
and u = j(b(β)) ǫN j∗(b[x]). By Extensionality, these computations yield the desired equality. 
Since the above claim shows that j∗ is surjective, we now know that this map is an ǫ-isomorphism.
(2) We are going to make use of the standard coding of elements of H(κ+) by subsets of κ: There are
first order ǫ-formulas ϕ0(v0), ϕ1(v0, v1), ϕ2(v0, v1), ϕ3(v0, v1, ) and ϕ4(v0, v1, v2) with the property that the
axioms of ZFC− prove that whenever b : κ −→ Vκ is a bijection for some inaccessible cardinal κ, then
• the formula ϕ0 defines a set of codes Dκ ⊆ P(κ),
15
• the formula ϕ1 defines an equivalence relation ≡κ on Dκ,
• the formula ϕ2 defines an ≡κ-invariant binary relation Eκ on Dκ,
• the formula ϕ3 defines an epimorphism πκ : 〈Dκ,≡κ, Eκ〉 −→ 〈H(κ+),=,∈〉, and
• the formula ϕ4 and the parameter b define a function b∗ : Vκ+1 −→ Dκ with πκ ◦ b∗ = idVκ+1 .
15The set Dκ consists of subsets of κ that code sets of hereditary cardinality at most κ in some canonical way. For
example, we can define Dκ to consist of all x ⊆ κ with the property that there exists an element y ∈ H(κ+) and a surjection
s : κ −→ ( tc {y}) with
x = {≺0, α≻ | α < κ, s(α) ∈ y} ∪ {≺1,≺α, β≻≻ | α, β < κ, s(α) ∈ s(β)},
where ≺·, ·≻ : Ord×Ord −→ Ord denotes the Go¨del pairing function.
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By (1), we now obtain a map j∗ : H(κ+)M −→ {y ∈ N | y ǫN H((κN )+)N} extending j∗ with
〈N, ǫN 〉 |= “πκN (j∗(x)) = j
∗(πκ(x)) ”
for all x ∈ Dκ. By the above assumptions on the uniform definability of Dκ, ≡κ and Eκ, we can conclude
that j∗ is an ǫ-isomorphism extending j∗. 
We introduce one further type of correspondence between ultrafilters and elementary embeddings by
saying that, given an ordinal κ, a property Ψ(M,U) of Σ0-correct ZFC
−-models M containing κ and M -
ultrafilters U on κ weakly κ-corresponds to a property Θ(M, j) of such modelsM and elementary embeddings
j :M −→ 〈N, ǫN 〉 if the following properties hold:
• Whenever Ψ(M,U) holds for an M -ultrafilter U on κ, then Θ(jU ,M) holds.
• Θ(M, j) implies that j jumps at κ.
• Whenever Θ(j,M) holds for an elementary embedding j :M −→ 〈N, ǫN 〉, then Ψ(M,U
γ
j ) holds for
some N -ordinal γ witnessing that j jumps at κ.
Note that if Ψ(M,U) corresponds to Θ(M, j), then these properties weakly κ-correspond for some ordinal
κ. Moreover, if Ψ(M,U) weakly κ-corresponds to Θ(M, j) and Θ(M, j) implies that j is a κ-embedding,
then these properties also κ-correspond. Finally, if Ψ(M,U) and Θ(M, j) κ-correspond, then they also
weakly κ-correspond. Our next result is an easy consequence of  Los’ theorem, and is a most frequently used
standard result in a less general setup.
Lemma 3.6. Given A ⊆ κ, “A ∈ U and U contains all final segments of κ in M ” weakly κ-corresponds to
“A ∈M and there is γ ∈ N with γ ǫN j(A) witnessing that j jumps at κ”.
Proof. First, assume that M is a Σ0-correct ZFC
−-model with κ ∈M and U is an M -ultrafilter on κ such
that A ∈ U and U contains all final segments of κ in M . Set γ = [idκ]U . Then γ ǫN jU (A) holds by  Los’
theorem and γ witnesses that jU jumps at κ. In the other direction, if j : M −→ 〈N, ǫN 〉 is an elementary
embedding, γ ∈ N witnesses that j jumps at κ and γ ǫN j(A), then A ∈ U
γ
j and Proposition 3.1.(1) shows
that U contains all final segments of κ in M . 
Combining earlier observations with arguments from the proofs of Proposition 3.2 and Lemma 3.6 im-
mediately yields the following correspondence, which will be of use later on:
Corollary 3.7. Given A ⊆ κ, “U is M -normal with respect to ⊆-decreasing sequences, U contains all final
segments of κ in M , and A ∈ U ” κ-corresponds to “A ∈M and j is a κ-embedding with κN ǫN j(A)”. 
We want to close this section with two κ-correspondences, which may seem somewhat trivial, but which
will be useful to have available later on.
Lemma 3.8. “U contains all final segments of κ in M and 〈Ult(M,U), ǫU 〉 is well-founded” κ-corresponds
to “ j jumps at κ and 〈N, ǫN 〉 is well-founded”.
Proof. The forward direction is immediate from Proposition 3.1.(1). On the other hand, assume that
j : M −→ 〈N, ǫN 〉 is such that j jumps at κ and 〈N, ǫN 〉 is well-founded. Then the well-foundedness of ǫN
directly implies that j is a κ-embedding and Proposition 3.1.(1) shows that Uj contains all final segments
of κ in M . As in the standard setting, we can now define a map k from Ult(M,Uj) to N that sends
[f ]Uj to (j(f)(κ
N ))N . Since this map satisfies k ◦ jUj = j, the well-foundedness of 〈N, ǫN 〉 implies the
well-foundedness of 〈Ult(M,Uj), ǫUj 〉. 
Lemma 3.9. Given a first order ǫ-formula ϕ(v0, v1), “U is M -normal with respect to ⊆-decreasing se-
quences, U contains all final segments of κ in M , and ϕ(M,U) holds” κ-corresponds to “ j is a κ-embedding
with ϕ(M,Uj)”.
Proof. For the forward direction, we know by Proposition 3.2 and its proof that [id]U witnesses that jU is
a κ-embedding. This directly implies that U = UjU and hence ϕ(M,UjU ) holds. The backward direction is
a direct consequence of Proposition 3.2. 
4. Inaccessible cardinals and the bounded ideal
In this section, we characterize inaccessible limits of certain types of ordinals through the existence of <κ-
amenable filters for small models M . We then use these characterizations to determine the corresponding
ideals, which turn out to be the bounded ideals on the corresponding cardinals. The following direct
consequence of Proposition 2.7 will be crucial for these characterizations.
Corollary 4.1. Let κ be an inaccessible cardinal and let j : M −→ 〈N, ǫN 〉 be an elementary embedding
with crit(j) = κ. If M is a Σ0-correct model of ZFC
− with M |= “H(κ) exists”, then j is <κ-powerset
preserving. In particular, if M ≺ H(θ) for some regular θ > κ, then j is <κ-powerset preserving.
14 PETER HOLY AND PHILIPP LU¨CKE
Proof. Given α ∈ M ∩ κ, we have P(α)M ⊆ H(κ)M ∈ M , P(α)M ∈ M and (2α)M < 2α < κ. Hence
Proposition 2.7 implies that j is <κ-powerset preserving. Finally, if M ≺ H(θ) for some regular θ > κ, then
the inaccessibility of κ implies that H(κ)M = H(κ) ∈M ∩ H(θ). 
We will also make use of a classical characterization of inaccessible cardinals. Following [16, Definition
2.2], our formulation of this result uses slightly generalized notions of filters on arbitrary collections of subsets
of κ. It is easy to see that these notions correspond well with our already defined notions ofM -ultrafilters.16
Definition 4.2. (1) A uniform filter on κ is a subset F of P(κ) such that |
⋂
i<nAi| = κ whenever
n < ω and 〈Ai | i < n〉 is a sequence of elements of F .
(2) A uniform filter F on κ measures a subset A of κ if A ∈ F or κ \ A ∈ F and it measures a subset
X of P(κ) if it measures every element of X .
(3) A uniform filter F on κ is <κ-complete if |
⋂
i<γ Ai| = κ holds for every γ < κ and every sequence
〈Ai | i < γ〉 of elements of F .
Lemma 4.3 ([1, Corollary 1.1.2]). An uncountable cardinal κ is inaccessible if and only if it has the <κ-
filter extension property, i.e. whenever F is a uniform, <κ-complete filter on κ, of size less than κ, and
X is a collection of subsets of κ with X of size less than κ, then there exists a uniform, <κ-complete filter
F ′ ⊇ F that measures X.
We are now ready to state the key proposition of this section. These results will directly yield the state-
ments of Theorems 1.4.(1) and 1.5.(1), because the accessible cardinals are unbounded in every inaccessible
cardinal and every unbounded subset of such a cardinal can be split into two disjoint unbounded subsets.
Proposition 4.4. Let κ be an inaccessible cardinal.
(1) If A is an unbounded subset of κ, θ > κ is a regular cardinal and M ≺ H(θ) with |M | < κ and
A ∈M , then there is a uniform M -ultrafilter U on κ with A ∈ U and Ψia(M,U).
(2) The set I<κia is the ideal of bounded subsets of κ.
Proof. (1) Assume that A ⊆ κ has size κ. Then, {A} is a uniform, <κ-complete filter on κ, of size less
than κ. If θ > κ is a regular cardinal and M ≺ H(θ) of size less than κ with κ ∈ M and A ∈ M , then
we can apply Lemma 4.3 to extend {A} to a uniform, <κ-complete filter U on κ that measures M ∩ P(κ).
As mentioned above, this exactly means for U to be a uniform, <κ-complete M -ultrafilter on κ. Let
jU : M −→ 〈Ult(M,U), ǫU 〉 be the induced ultrapower embedding. By Proposition 3.1.(3), we know that
crit(jU ) = κ. Moreover, Lemma 3.6 shows that there is γ ∈ Ult(M,U) with γ ǫU jU (A) that witnesses that
jU jumps at κ. Since κ is inaccessible, we can apply Lemma 4.1 to see that jU is <κ-powerset preserving. In
this situation, we can use Proposition 3.1.(4) and Lemma 3.6 to conclude that UγjU is a uniformM -ultrafilter
on κ that is <κ-complete and <κ-amenable for M and contains the subset A.
(2) If θ > κ is a regular cardinal, M ≺ H(θ) with |M | < κ and U is a uniform M -ultrafilter on κ, then
the uniformity of U implies that every element of U has size κ. By (1), this yields the desired equality. 
The following lemma provides us with the reverse direction for our desired characterization. Moreover,
it shows that for the listed types of domain models M , κ-embeddings j : M −→ 〈N, ǫN 〉 with crit(j) = κ
induce uniform M -ultrafilters Uj on κ.
Lemma 4.5. Assume that either
• for some regular cardinal θ > κ and some M ≺ H(θ), or
• for many transitive weak κ-models M ,17
there exists an elementary embedding j : M −→ 〈N, ǫN 〉 with crit(j) = κ. Then, κ is regular. Moreover, if
we can also assume that the given embeddings are <κ-powerset preserving, then κ is inaccessible.
Proof. Assume that κ is singular. By our assumptions, we can find a cofinal function c : α −→ κ with
α < κ and an elementary embedding j : M −→ 〈N, ǫN 〉 with crit(j) = κ and the property that M is a
Σ0-correct ZFC
−-model with c ∈ M . Let γ ∈ N witness that j jumps at κ. By elementarity, there is
δ ∈ N with δ ǫN j(α) and γ ǫN (j(c)(δ))N . Since α ∈ M ∩ κ, there is β < α with j(β) = δ and hence
γ ǫN (j(c)(δ))
N = j(c(β)) ǫN γ, a contradiction.
Now, assume that we can also find <κ-powerset preserving embeddings for the desired models and
assume, towards a contradiction, that 2α ≥ κ holds for some α < κ. Then our assumption yields an
injection ι : κ −→ P(α) and a <κ-powerset preserving embedding j : M −→ 〈N, ǫN 〉 with crit(j) = κ
16That is, if M is a model of ZFC− with κ ∈M , an M -ultrafilter U on κ is uniform (respectively, uniform and <κ-complete
for M) just in case U is uniform (respectively, uniform and <κ-complete) in the sense of Definition 4.2.
17We would like to thank Victoria Gitman for pointing out a mistake in our proof with respect to the second item of this
lemma in an earlier version of our paper.
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and the property that M is a Σ0-correct ZFC
−-model with ι ∈ M . The existence of such a model directly
contradicts Proposition 2.7.(2). 
The next result is now an immediate consequence of what has been shown above, and in particular implies
Theorem 1.2.(4(b)i).
Theorem 4.6. Let κ be an uncountable cardinal, let δ < κ, let ϕ(v0, v1) be a first order ǫ-formula and let
θ > κ be a regular cardinal such that the statement ϕ(α, δ) is absolute between H(θ) and V for all α < κ.
Then, the following statements are equivalent:
(1) The cardinal κ is an inaccessible limit of ordinals α such that the property ϕ(α, δ) holds.
(2) For any (equivalently, for some) M ≺ H(θ) of size less than κ with κ ∈ M , there exists a uniform
M -ultrafilter U on κ with Ψia(M,U) and {α < κ | ϕ(α, δ)} ∈ U .
(3) For any (equivalently, for some)M ≺ H(θ) of size less than κ with κ ∈M , there exists a <κ-powerset
preserving elementary embedding j : M −→ 〈N, ǫN 〉 with crit(j) = κ such that 〈N, ǫN 〉 |= ϕ(γ, j(δ))
for some γ ∈ N witnessing that j jumps at κ.
Proof. The implication from (1) to (2) is immediate from Proposition 4.4. Proposition 3.1.(4) and Lemma 3.6
show that both the universal and the existential statement in (2) are equivalent to the respective statements
in (3). Finally, Lemma 4.5 shows that the existential statement in (3) implies that κ is inaccessible and
hence the existential statement in (2) allows us to use Proposition 4.4 to derive (1). 
We will next obtain a further characterization of inaccessible cardinals, in which we may require stronger
properties of the ultrafilters and elementary embeddings used. For this, we need two standard lemmas.
Lemma 4.7. If κ < θ are uncountable regular cardinals, S ⊆ κ is stationary and x ∈ H(θ), then there is a
transitive set M of cardinality less than κ and an elementary embedding j : M −→ H(θ) with crit(j) ∈ S,
j(crit(j)) = κ and x ∈ ran(j).
Proof. Let 〈Nα | α < κ〉 be a continuous and increasing sequence of elementary substructures of H(θ) of
cardinality less than κ with x ∈ N0 and α ⊆ Nα ∩ κ ∈ κ for all α < κ. Since the set {Nα ∩ κ | α < κ}
is closed unbounded in κ, there is α < κ with Nα ∩ κ ∈ S. Set π : Nα −→ M denote the corresponding
transitive collapse. Then π−1 :M −→ H(θ) is an elementary embedding satisfying crit(π−1) = Nα ∩ κ ∈ S,
π−1(crit(π−1)) = π−1(Nα ∩ κ) = κ and x ∈ Nα = ran(π−1). 
Lemma 4.8. If κ < θ are regular uncountable cardinals, S is a stationary subset of κ and M ≺ H(θ) with
|M | < κ and S ∈M , then there exists a normal M -ultrafilter U on κ with S ∈ U .
Proof. By Lemma 4.7, there exists a transitive set X of cardinality less than κ and an elementary embedding
j : X −→ H(θ) with j(crit(j)) = κ, crit(j) ∈ S and M ∈ ran(j). Then, we have j[X ] ≺ H(θ) and
M ⊆ j[X ], because elementarity implies that |M | ∈ j[X ] ∩ κ and hence |M | < crit(j) ⊆ j[X ]. Define
U = {A ∈ j[X ] ∩ P(κ) | crit(j) ∈ A}. Then U is a j[X ]-ultrafilter on κ and, since j[X ] ∩ κ = crit(j) and
j[X ] ≺ H(θ), it follows that U is j[X ]-normal and <κ-complete in V, and all elements of U are stationary
subsets of κ. Since |M | < κ, it follows that M ∩ U is a normal M -ultrafilter on κ and crit(j) ∈ S ∈ M
implies that S ∈ U . 
Note that, in combination with Proposition 3.1.(3) and Lemma 4.5, the previous lemma directly implies
Theorem 1.2.(4(a)i). Moreover, Lemma 4.8 also yields the following results, which in particular implies
Theorem 1.2.(4(b)ii).
Theorem 4.9. The following statements are equivalent for every uncountable cardinal κ and all regular
cardinals θ > κ:
(1) The cardinal κ is inaccessible.
(2) For any (equivalently, for some) M ≺ H(θ) of size less than κ with κ ∈ M , there exists a <κ-
amenable, normal M -ultrafilter U on κ.
(3) For any (equivalently, for some) M ≺ H(θ) of size less than κ with κ ∈ M , there exists a <κ-
powerset preserving elementary embedding j : M −→ 〈N, ǫN 〉 with crit(j) = κ, such that j induces
a normal M -ultrafilter on κ.
Proof. First, assume that κ is inaccessible and M ≺ H(θ) with |M | < κ and κ ∈M . Then Lemma 4.8 yields
a normal M -ultrafilter U on κ. By Proposition 3.2, we know that jU is a κ-embedding and the proof of this
proposition shows that U = Uj . In particular, a combination of Proposition 3.1.(4) and Corollary 4.1 now
shows that U is <κ-amenable. Next, a combination of Proposition 3.1.(3)+(4), Proposition 3.2, Lemma 3.8,
Lemma 3.9 for the statement ϕ(M,U) ≡ “U is normal” and arguments from the first implication shows
that, ifM ≺ H(θ) with |M | < κ and κ ∈M , then every <κ-amenable, normalM -ultrafilter U on κ induces a
κ-embedding jU with crit(jU ) = κ that is <κ-powerset preserving and induces a normal M -ultrafilter. This
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shows that both the universal and the existential statement in (2) imply the respective statements in (3).
The equivalence between the corresponding statements in (2) and (3) then follows from Proposition 3.1.(4).
Finally, Theorem 4.6 directly shows that the existential statements in (2) and (3) both imply (1). 
5. Regular stationary limits and the non-stationary ideal
In this section, we characterize Mahlo-like cardinals, that is regular stationary limits of certain ordinals,18
through the existence ofM -normal filters for small modelsM . We then use these characterizations to define
the corresponding ideals, which turn out to be the non-stationary ideal below the considered set of ordinals.
We start by proving the corresponding statement of Theorem 1.4 with the help of Lemma 4.8.19
Proof of Theorem 1.4.(2). Fix a regular and uncountable cardinal κ. First, let A be a stationary subset of
κ, let θ > κ be a regular cardinal and let M ≺ H(θ) with |M | < κ and A ∈ M . In this situation, we can
use Lemma 4.8 to find a normal M -ultrafilter U on κ with A ∈ U . Then U is uniform with Ψδ(M,U) and
hence U witnesses that A /∈ I<κδ . In the other direction, let A be a non-stationary subset of κ, let M ≺ H(θ)
with |M | < κ and A ∈ M , and let U be a uniform, M -normal M -ultrafilter on κ. By elementarity, we find
a club subset C of κ in M that is disjoint from A. By the M -normality and uniformity of U , every club
subset of κ in M is contained in U and this shows that A /∈ U . We can conclude that A ∈ I<κδ . 
The next result is an immediate consequence of Theorem 1.4.(2), and in particular implies Theorem
1.2.(4(a)ii).
Theorem 5.1. Let κ be an uncountable cardinal, let δ < κ, let ϕ(v0, v1) be a first order ǫ-formula and let
θ > κ be a regular cardinal such that the statement ϕ(α, δ) is absolute between H(θ) and V for all α < κ.
Then, the following statements are equivalent:
(1) κ is a regular stationary limit of ordinals α satisfying ϕ(α, δ).
(2) For any (equivalently, for some) M ≺ H(θ) of size less than κ with κ ∈M , there exists a uniform,
M -normal M -ultrafilter U on κ with {α < κ | ϕ(α, δ)} ∈ U .
(3) Same as (2), but we also require U to be normal.
(4) For any (equivalently, for some)M ≺ H(θ) of size less than κ with κ ∈M , there exists a κ-embedding
j :M −→ 〈N, ǫN 〉 with crit(j) = κ and 〈N, ǫN 〉 |= ϕ(κN , j(δ)).
(5) Same as (4), but we also require ǫN to be well-founded.
(6) Same as (4), but we also require j to induce a normal ultrafilter.
Proof. The implication from (1) to (3) is given by Lemma 4.8. The combination of Proposition 3.1.(3),
Corollary 3.7, Lemma 3.8 and Lemma 3.9 shows that both the universal and the existential statement in
(2) are equivalent to the corresponding statement in (4). The same is true for the corresponding statements
in (3) and (6). Since ultrapowers of models M of size less than κ formed using normal M -ultrafilters are
obviously well-founded, the results listed above also show that the universal statement in (3) implies the
universal statement in (5) and the existential statement in (5) trivially implies the corresponding statement
in (4). Finally, since Lemma 4.5 shows that the existential statement in (4) implies that κ is regular, we
can use Theorem 1.4.(2) and the implications derived above to conclude that the existential statement in
(2) implies (1). 
6. Weakly compact cardinals and κ-amenability
In this section, we extend Kunen’s results from [24] and we characterize weakly compact cardinals κ
through the existence of κ-amenable ultrafilters for models of size at most κ. For this, we need a classical
result on weakly compact cardinals, which we present using the notions introduced in Definition 4.2.
Lemma 6.1 ([1, Corollary 1.1.4], see also [16, Proposition 2.9]). An uncountable cardinal κ is weakly
compact if and only if it has the filter extension property, i.e. whenever F is a uniform <κ-complete filter
on κ of size at most κ, and X is a collection of subsets of κ with X of size at most κ, then there exists a
uniform <κ-complete filter F ′ ⊇ F that measures X.
Corollary 6.2. If κ is weakly compact, then Iκia = I
κ
≺ia = I
<κ
ia is the bounded ideal on κ.
Proof. Let A be unbounded in κ and let M be a weak κ-model with A ∈M . Then F = {A∩ [α, κ) | α < κ}
is a uniform <κ-complete filter on κ of size κ. Using Lemma 6.1, we find a uniform <κ-complete filter
U ⊇ F that measures P(κ) ∩M . Then Proposition 3.1.(3) and Corollary 4.1 show that Ψia(M,U) holds.
By uniformity, these computations show that both Iκia and I
κ
≺ia are the bounded ideal on κ and, by Theorem
1.4.(1), this also shows that they are equal to I<κia . 
18Note that in particular, regular, inaccessible and Mahlo cardinals are Mahlo-like.
19Note that the forward direction of this proof is quite different to that of the seemingly similar Proposition 4.4.
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The following lemma will allow us to characterize weak compactness through the existence of κ-amenable,
<κ-complete ultrafilters.
Lemma 6.3. If κ is a weakly compact cardinal, λ ≤ κ is a cardinal, θ > κ is a regular cardinal, A is
an unbounded subset of κ and x ∈ H(θ), then there is (κ, λ)-model M ≺ H(θ) with x ∈ M and a uniform
M -ultrafilter U on κ with A ∈ U and Ψwc(M,U).
Proof. We recursively construct ω-sequences 〈Mn | n < ω〉 of weak κ-models Mn ≺ H(θ), and 〈Un | n < ω〉
of Mn-ultrafilters on κ. Pick a weak κ-model M0 ≺ H(θ) with x ∈ M0, and, using Lemma 6.1, let U0 be
a uniform <κ-complete M0-ultrafilter on κ. Now, assume that Mn and Un are already constructed, let
Mn+1 ≺ H(θ) be a weak κ-model with Mn, Un ∈ Mn+1, and, using Lemma 6.1, let Un+1 be a uniform
<κ-complete Mn+1-ultrafilter extending Un. Set M =
⋃
n<ωMn, and let U =
⋃
n<ω Un. Then, U is a
uniform M -ultrafilter that is <κ-complete for M ≺ H(θ). If ~x = 〈xα | α < κ〉 is a sequence of subsets of κ
in M , then ~x ∈ Mn for some n < ω. Hence, each xα is measured by Un ⊆ U , and thus, by our choice of
Mn+1, we know that {α < κ | xα ∈ U} ∈ Mn+1 ⊆ M , showing that U is κ-amenable for M and therefore
proving the lemma for λ = κ. Given λ < κ, we simply take a (λ, κ)-model 〈M¯, U¯〉 ≺ 〈M,U〉 with x ∈ M¯ .
Then, by elementarity, 〈M¯, U¯〉 has the desired properties. 
Corollary 6.4. If κ is weakly compact, then Iκwc = I
κ
≺wc = I
<κ
wc is the bounded ideal on κ.
Proof. By uniformity, Lemma 6.3 implies that both Iκ≺wc and I
<κ
wc are the bounded ideal on κ. Moreover,
by choosing κ = λ and θ = κ+ in Lemma 6.3, we can conclude that Iκ≺wc is also equal to this ideal. 
Corollary 6.4 suggests that the ideals Iκwc, I
κ
≺wc and I
<κ
wc are not canonically connected to weak compact-
ness. We will present such an ideal in Section 7. The next result directly implies Theorem 1.2.(1).
Theorem 6.5. The following statements are equivalent for every uncountable cardinal κ, every cardinal
λ ≤ κ and every regular cardinal θ > κ:
(1) κ is weakly compact.
(2) For many (λ, κ)-models (equivalently, for some (λ, κ)-model) M ≺ H(θ), there exists a uniform
M -ultrafilter U on κ with Ψwc(M,U).
(3) For many (λ, κ)-models (equivalently, for some (λ, κ)-model) M ≺ H(θ), there exists a κ-powerset
preserving elementary embedding j :M −→ 〈N, ǫN 〉 with crit(j) = κ.
(4) For many transitive weak κ-models M , there exists a uniform M -ultrafilter U on κ with Ψwc(M,U).
(5) For many transitive weak κ-models M , there exists a κ-powerset preserving elementary embedding
j :M −→ 〈N, ǫN 〉 with crit(j) = κ.
Proof. The implication from (1) to (2) and (4) follows from Lemma 6.3. Using Proposition 3.1.(5), we can
see that both statements in (2) are equivalent to the respective statements in (3) and both statements in
(4) are equivalent to the respective statements in (5). Now, assume that (1) fails and j : M −→ 〈N, ǫN 〉
witnesses that the existential statement in (3) holds. Then, Lemma 4.5 implies that κ is inaccessible and
our assumption implies that there exists a κ-Aronszajn tree. By elementarity, there is such a tree T in M
with underlying set κ. Then, j(T ) is a j(κ)-Aronszajn tree with underlying set j(κ) in N . Pick γ ∈ N
witnessing that crit(j) = κ, let δ be a node of j(T ) on level γ in N and let y ∈ N be the set of predecessors
of δ in j(T ) in N . By κ-powerset preservation, there is x ∈ M with M ∩ x = {β ∈ M ∩ κ | j(β) ǫN y}. By
elementarity and the fact that crit(j) = κ, the set x is linearly ordered and downwards-closed in T . Since
T is a κ-Aronszajn tree, there is some α ∈ M ∩ κ such that x does not intersect the α-th level of T . Then
there is ε ∈M ∩ κ and a surjection s from ε onto the α-th level of T in M . Since ε < crit(j), there we can
find ξ ∈M ∩ ε with j(s(ξ)) ǫN y and hence ξ ∈ x, a contradiction. The argument that (5) implies (1) again
proceeds analogously by first using Lemma 4.5 to show that κ is inaccessible and then pick a transitive weak
κ-model M that contains a κ-Aronszajn tree T as an element and is the domain of a κ-powerset preserving
elementary embedding with critical point κ. 
In the above result, instead of using all M ≺ H(θ), as in Kunen’s result for countable models, and as in
our earlier sections, we pass to a characterization using only many models M ≺ H(θ). The results of our
later sections will show that this is in fact necessary, for ifM ≺ H(θ) were closed under countable sequences
and satisfies (2) in Theorem 6.5, then we would obtain that U induces a well-founded ultrapower of M ,
which would imply that κ is completely ineffable by Theorem 11.4.
7. Weakly compact cardinals without κ-amenability
In order to find a characterization of weak compactness that is connected to a canonical ideal, we now
consider characterization using models of the same cardinality as the given cardinal. We start by recalling
the definition of the weakly compact ideal, which is due to Le´vy.
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Definition 7.1. Let κ be a weakly compact cardinal. The weakly compact ideal on κ consists of all A ⊆ κ
for which there exists a Π11-formula ϕ(v
1) and Q ⊆ Vκ with Vκ |= ϕ(Q) and Vα |= ¬ϕ(Q ∩ Vα) for all
α ∈ A.
It is well-known that the weakly compact ideal is strictly larger than the non-stationary ideal whenever
κ is a weakly compact cardinal, because the weakly compact ideal contains the stationary set Nκia of smaller
accessible cardinals in this case (see [3, Theorem 2.8]). By a classical result of Levy (see [22, Proposition
6.11]), the weakly compact ideal is a normal ideal. We now provide a characterization of the weakly compact
ideal which resembles our earlier characterizations, and which in particular shows that IκWC is the weakly
compact ideal on κ, proving Theorem 1.4.(3). This result is a variant of results of Baumgartner in [3, Section
2]. In the proof of the first item, we proceed somewhat similar to the argument for [14, Theorem 1.3].
In the following, wheneverM is a Σ0-correct ZFC
−-model, κ is a cardinal ofM and U is an M -ultrafilter
on κ that is M -normal with respect to ⊆-decreasing sequences and contains all final segments of κ in M ,
then we write κU instead of κUlt(M,U) (see Proposition 3.2).
Theorem 7.2. Let κ be a weakly compact cardinal.
(1) If A ⊆ κ is not contained in the weakly compact ideal, θ > κ is a regular cardinal and M ≺ H(θ)
is a weak κ-model with A ∈ M , then there is a uniform M -ultrafilter U on κ with A ∈ U and
ΨWC(M,U).
(2) Iκδ = I
κ
≺δ = I
κ
WC = I
κ
≺WC is the weakly compact ideal on κ.
Proof. (1) First, assume towards a contradiction, that there is no uniform, M -normal M -ultrafilter U on κ
with A ∈ U . Let π :M −→ X denote the transitive collapse of M , pick a bijection b : κ −→ X and define
E = {〈α, β〉 ∈ κ× κ | b(α) ∈ b(β)}.
Let T be the elementary diagram of 〈κ,E〉, coded as a subset of Vκ in a canonical way. Now, let ϕ(E, T )
be a Π11-statement expressing the conjunction of the following two statements over Vκ:
(i) There is no U ⊆ κ such that 〈κ,E, U〉 thinks that U is a uniform, normal ultrafilter on b−1(κ) that
contains b−1(A).
(ii) T is the elementary diagram of 〈κ,E〉.
Then Vκ |= ϕ(E, T ) and, since A is not contained in the weakly compact ideal on κ, we can find an
inaccessible α ∈ A with α > b−1(A) = (b−1 ◦π)(A) and Vα |= ϕ(E ∩Vα, T ∩Vα). Since (ii) is reflected to α,
the structure 〈α,E ∩Vα〉 is an elementary substructure of 〈κ,E〉. Set M∗ = (π
−1 ◦ b)[α]. Then M∗ ≺ H(θ)
with |M∗| < κ and A ∈ M∗. Since A is stationary in κ, Theorem 1.4.(2) yields a uniform, M∗-normal
M∗-ultrafilter U∗ on κ with A ∈ U∗. Set U¯ = (b−1 ◦ π)[U∗] ⊆ κ. Then, 〈α,E ∩ Vα, U¯〉 thinks that U¯ is a
uniform, normal ultrafilter on b−1(κ) that contains b−1(A), contradicting the fact that (i) reflects to α.
Now, pick uniform, M -normal M -ultrafilter U on κ with A ∈ U . By Proposition 3.1.(3) and Proposition
3.2, the map jU is a κ-embedding with crit(jU ) = κ and Corollary 4.1 implies that jU is <κ-powerset
preserving. Since U = UjU , Proposition 3.1.(4) now shows that U is <κ-amenable for M and hence we can
conclude ΨWC(M,U) holds.
(2) By definition, we have Iκδ ⊆ I
κ
WC and I
κ
≺δ ⊆ I
κ
≺WC . Moreover, (1) shows that I
κ
≺WC is contained
in the weakly compact ideal on κ. Now, pick A ∈ P(κ) \ Iκ
≺δ. Then there is a regular cardinal θ > κ, a
weak κ-model M ≺ H(θ), and a uniform, M -normal M -ultrafilter U on κ with A ∈ U . By Proposition 3.2,
the induced ultrapower map jU : M −→ 〈Ult(M,U), ǫU 〉 is a κ-embedding. Then Lemma 3.6 implies that
κU ǫU jU (A). Now, let ϕ(v
1
0 , v
1
1) be a Σ
1
0-formula and assume that there is Q ⊆ Vκ with Vκ |= ∀
1Z ϕ(Q,Z)
and Vα |= ∃1Z ¬ϕ(Q ∩ Vα, Z) for all α ∈ A. Since M ≺ H(θ), we may assume that Q ∈ M , and that the
above statements hold in M . In this situation, the elementarity of j implies that there is S ∈ Ult(M,U)
such that S ⊆ VκU and VκU |= ¬ϕ(j(Q) ∩ VκU , S) hold in Ult(M,U). Since κ ⊆ M is inaccessible, we
have Vκ ⊆ M and the M -normality of U implies that jU ↾ Vκ is an ∈-isomorphism between 〈Vκ,∈〉 and
〈V
Ult(M,U)
κU
, ǫU 〉. Set R = {x ∈ Vκ | jU (x) ∈ S}. Then we have
j[Q] = {y ∈ Ult(M,U) | y ǫU (j(Q) ∩VκU )
Ult(M,U)}
and j[R] = {y ∈ Ult(M,U) | y ǫU S}. This allows us to conclude that Vκ |= ¬ϕ(Q,R), a contradiction. This
shows that A is not contained in the weakly compact ideal on κ.
The above computations show that Iκ
≺δ is the weakly compact ideal on κ. Finally, by choosing θ = κ
+
in (1), we know that IκWC is contained in the weakly compact ideal and we can show that these ideals are
equal by proceeding as in the above argument, however picking a weak κ-model M containing the set Q as
an element. 
Note that a small variation of the argument used in the last paragraph of the first part of the above
proof shows that Iκδ = I
κ
WC and I
κ
≺δ = I
κ
≺WC holds for every inaccessible cardinal κ. As pointed out to
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us by the anonymous referee, it is possible to use an unpublished result of Hamkins (see [12]) to separate
these ideals. His result shows that, after adding κ+-many Cohen reals to a model of set theory containing
a weakly compact cardinal κ, the cardinal κ still possesses the weakly compact embedding property, i.e. for
every subset A of κ, there are transitive models M and N of ZFC− with A, κ ∈ M and an elementary
embedding j : M −→ N with crit(j) = κ. In particular, the results of Section 3 show that Iκδ is a proper
ideal in this model. Since the results contained in the remainder of this section show that weak compactness
can be characterized through the property ΨWC using Scheme B, it follows that κ ∈ IκWC ) I
κ
δ holds in the
constructed forcing extension.
Hamkins’ result can easily be generalized to show that, by adding κ+-many Cohen subsets of ω1 for some
weakly compact cardinal κ, we obtain a forcing extension with the property that for every subset A of κ,
there is an elementary embedding j : M −→ N between transitive models of ZFC− such that crit(j) = κ,
ωM ∪{A, κ} ⊆M and all stationary subsets of κ in M are stationary in V. This shows that the existence of
many transitive weak κ-models M with the property that there exists a uniform, M -normal and stationary-
complete M -ultrafilter is not a large cardinal property of κ, i.e. it does not imply the inaccessibility of κ.
In particular, this explains why Table 1 does not consider normality properties for filters on transitive weak
κ-models that are weaker than genuineness.
Finally, it should be noted that, analogous to Theorem 4.6 and 5.1, Theorem 7.2 can be used to obtain
an explicit characterization of weakly compact cardinals with the property that certain definable subsets of
these cardinals do not lie in the corresponding weakly compact ideal. Similar generalizations can be proven
for all stronger large cardinal notions discussed below.
We now provide the desired characterization of weak compactness. The following result directly implies
Item (5a) of Theorem 1.2.
Theorem 7.3. The following statements are equivalent for every uncountable cardinal κ and every regular
cardinal θ > κ:
(1) κ is weakly compact.
(2) For all weak κ-models M ≺ H(θ), there exists a uniform M -ultrafilter U on κ with ΨWC(M,U).
(3) For many weak κ-models M ≺ H(θ), there exists a uniform, stationary-complete M -ultrafilter U on
κ with ΨWC(M,U).
(4) For some weak κ-model M ≺ H(θ), there exists a uniform M -ultrafilter U on κ with Ψia(M,U).
(5) For many transitive weak κ-models M , there exists a uniform, stationary-complete M -ultrafilter U
on κ with ΨWC(M,U).
(6) For many transitive weak κ-models M , there exists a uniform M -ultrafilter U on κ with Ψia(M,U).
Proof. The implication from (1) to (2) follows directly from Theorem 7.2. Moreover, since the inaccessibility
of κ implies that every element of H(θ) is contained in a weak κ-model M ≺ H(θ) that is closed under
countable sequence and all M -normal M -ultrafilters for such models M are stationary-complete, Theorem
7.2 also shows that (1) implies both (3) and (5). Now, assume, towards a contradiction, that κ is not weakly
compact,M ≺ H(θ) is a weak κ-model and U is a uniformM -ultrafilter that is <κ-amenable forM and <κ-
complete forM . By Proposition 3.1.(4), we know that jU is a <κ-powerset preserving elementary embedding
with crit(j) = κ. In this situation, Lemma 4.5 shows that κ is inaccessible and hence our assumption implies
the existence of a κ-Aronszajn tree T with underlying set κ inM . Pick an Ult(M,U)-ordinal γ that witnesses
that jU jumps at κ and pick an element β of the γ-th level of jU (T ) in 〈Ult(M,U), ǫU 〉. Given α < κ, there
is α¯ < κ with the property that the initial segment of T of height α is a subset of α¯ and hence we can find
ξα < α¯ with the property that, in 〈Ult(M,U), ǫU 〉, the ordinal jU (ξα) is the unique element of the jU (α)-th
level of jU (T ) that lies below β. But then elementarity implies that the set {ξα | α < κ} is a cofinal branch
through T , a contradiction. These computations show that (4) implies (1). By first using Lemma 4.5 to
show that κ is inaccessible and then capturing a κ-Aronszajn tree in a transitive weak κ-model, a variation
of the previous argument shows that (6) also implies (1). Since both (2) and (3) imply (4), and (5) implies
(6), this completes the proof of the theorem. 
We end this section by proving the second statement of Theorem 1.5.(2).
Lemma 7.4. If κ is weakly compact, then Nκwc 6∈ I
κ
WC .
Proof. Assume that Nκwc ∈ I
κ
WC . Then Theorem 7.2 implies that N
κ
wc is an element of the weakly compact
ideal. Then we may assume that κ is the least weakly compact cardinal with this property. Then [30, Lemma
1.15] shows that the set A = {α < κ | α is weakly compact} contains a 1-club, i.e. there is a stationary
subset of A that contains all of its reflection points. Since weak compactness implies stationary reflection,
there is an α < κ with the property that A ∩ α is stationary in α. Then α ∈ A, α is weakly compact and
A ∩ α is a 1-club in α. Since the results of [30] show that a subset of a weakly compact cardinal is an
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element of the weakly compact ideal if and only if its complement contains a 1-club, we can conclude that
Nαwc ∈ I
κ
WC , a contradiction. 
8. Weakly ineffable and ineffable cardinals
Remember that, given a set A, an A-list is a sequence 〈da | a ∈ A〉 with da ⊆ a for all a ∈ A. Given
an uncountable regular cardinal κ, a set A ⊆ κ is then called ineffable (respectively, weakly ineffable) if for
every A-list 〈dα | α ∈ A〉, there is D ⊆ κ such that the set {α ∈ A | D ∩α = dα} is stationary (respectively,
unbounded) in κ. The ineffable (respectively, weakly ineffable) ideal on κ is the collection of all subsets of
κ that are not ineffable (respectively, weakly ineffable). These ideals were introduced by Baumgartner, and
he has shown them to be normal ideals on κ whenever κ is (weakly) ineffable (see [2]). The key proposition
is now an adaptation of [1, Theorem 1.2.1], which shows that the ideals Iκwie and I
κ
≺wie (respectively, the
ideals Iκie and I
κ
≺ie) both agree with the weakly ineffable (respectively, the ineffable) ideal, yielding Theorem
1.4.(4) and 1.4.(5). Moreover, the following result also immediately yields Theorem 1.2 (5b) and 1.2(5c).
Theorem 8.1. (1) If κ is an uncountable cardinal, ~d = 〈dα | α ∈ A〉 is an A-list with A ⊆ κ, M is a
weak κ-model with ~d ∈M and U is an M -ultrafilter with Ψwie(M,U) and with A ∈ U , then there is
D ⊆ κ such that the set {α ∈ A | D ∩ α = dα} is unbounded in κ.
(2) Let κ be a weakly ineffable cardinal.
(a) If A ⊆ κ is not contained in the weakly ineffable ideal, θ > κ is a regular cardinal and M ≺
H(θ) is a weak κ-model with A ∈ M , then there is an M -ultrafilter U on κ with A ∈ U and
Ψwie(M,U).
(b) Iκwie = I
κ
≺wie is the weakly ineffable ideal on κ.
(3) If κ is an uncountable cardinal, ~d = 〈dα | α ∈ A〉 is an A-list with A ⊆ κ, M is a weak κ-model
with ~d ∈ M and U is an M -ultrafilter with Ψie(M,U) and with A ∈ U , then there is D ⊆ κ with
the property that the set {α ∈ A | D ∩ α = dα} is stationary in κ.
(4) Let κ be an ineffable cardinal.
(a) If A ⊆ κ is not contained in the ineffable ideal, θ > κ is a regular cardinal and M ≺ H(θ) is a
weak κ-model with A ∈M , then there is an M -ultrafilter U on κ with A ∈ U and Ψie(M,U).
(b) Iκie = I
κ
≺ie is the ineffable ideal on κ.
Proof. We only prove (3) and (4), since the proof for the case of weakly ineffable cardinals proceeds in
complete analogy (replacing stationary by unbounded, and replacing normal by genuine throughout).
(3) For every ξ < κ, let xξ = {α ∈ A | ξ ∈ dα}. Then 〈xξ | ξ < κ〉 ∈ M . Now, given ξ < κ, set uξ = xξ
if xξ ∈ U , and set uξ = A \ xξ otherwise. By our assumptions on U , we have uξ ∈ U for all ξ < κ and
hence H = ∆ξ<κuξ is a stationary subset of κ. Now, fix α, β ∈ H with α < β and ξ < α. Then α, β ∈ uξ.
If xξ ∈ U , then α, β ∈ xξ and hence ξ ∈ dα ∩ dβ . In the other case, if xξ /∈ U , then α, β ∈ A \ xξ and
hence ξ /∈ dα ∪ dβ . In combination, this shows that dα = dβ ∩ α holds for all α, β ∈ H with α < β. Define
D =
⋃
{dα | α ∈ H}. Then our arguments show that the set {α ∈ A | D ∩ α = dα} is stationary in κ.
(4)(a) Let κ be an ineffable cardinal and let A ⊆ κ be ineffable, θ > κ be regular and M ≺ H(θ) be
a weak κ-model. Pick an enumeration {xξ | ξ < κ} of all subsets of κ in M , and, for every α ∈ A, set
dα = {ξ < α | α ∈ xξ}. Then there is H ⊆ A stationary in κ, and D ⊆ κ with D ∩ α = dα for all α ∈ H .
Given ξ < κ, set uξ = xξ if ξ ∈ D, and set uξ = A \ xξ otherwise. Define U = {uξ | ξ < κ}. The next claim
provides the desired conclusion.
Claim. U is a normal M -ultrafilter with A ∈ U .
Proof of the Claim. H \ (ξ + 1) ⊆ xξ for all ξ ∈ D and H ∩ xξ ⊆ ξ + 1 for all ξ ∈ κ \D. Hence, we have
H \ (ξ + 1) ⊆ uξ for all ξ < κ and this directly implies that U is an M -ultrafilter. Moreover, it shows that
H ⊆ ∆ξ<κuξ, and hence U is normal. 
(4)(b) Let κ be ineffable and assume that A ⊆ κ is not an element of Iκie ∩ I
κ
≺ie. Then every A-list is
contained in a weak κ-model M with the property that there is a normal M -ultrafilter U on κ with A ∈ U .
By (3), this shows that A is ineffable. This argument shows that the ineffable ideal is contained in both Iκie
and Iκ≺ie. In the other direction, (4)(a) directly shows that I
κ
≺ie is contained in the ineffable ideal. Moreover,
by choosing θ = κ+ in (4)(a), the same conclusion can be established for Iκie. 
We close this section by verifying Theorem 1.5 (3) and 1.5 (4).
Lemma 8.2. If κ is weakly ineffable, then Nκwc ∈ I
κ
wie and N
κ
wie /∈ I
κ
wie.
Proof. For the first statement, let A be the set of all inaccessibles α < κ which are not weakly compact.
Fix a bijection b : Vκ −→ κ with b[Vα] = α for all inaccessible α < κ. For every α ∈ A, define
dα = {≺0, ⌈ϕα⌉≻} ∪ {≺1, b(x)≻ | x ∈ Xα} ⊆ α,
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where Xα ⊆ Vα and ⌈ϕα⌉ ∈ Vω is the Go¨del number of a Π11-formula ϕα(v
1) such that Vα |= ϕα(Xα)
and Vβ |= ¬ϕα(Xα ∩ Vβ) for all β < α. Assume, for a contradiction, that A is weakly ineffable. Then,
the sequence 〈dα | α ∈ A〉 is an A-list, and, by the weak ineffability of A, we find D ⊆ κ such that
U = {α ∈ A | D ∩ α = dα} is an unbounded subset of κ. Pick α, β ∈ U with α < β. Then ϕα ≡ ϕβ and
Xα = Xβ ∩Vα. Hence, Vα |= ϕβ(Xβ ∩Vα), a contradiction. Since N
κ
ia ∈ I
κ
WC ⊆ I
κ
wie, the above arguments
show that Nκwc ∈ I
κ
wie.
For the second statement, assume for a contradiction that κ is the least weakly ineffable cardinal with
the property that Nκwie ∈ I
κ
wie. Let
~d = 〈dα | α ∈ Nκwie〉 be an N
κ
wie-list, and define
A = κ \Nκwie = {α < κ | α is weakly ineffable} /∈ I
κ
wie.
For every α ∈ A, the fact that ~d ↾ α is an Nαwie-list implies that there is Dα ⊆ α with the property that
{ξ ∈ Nαwie | dξ = Dα ∩ ξ} is an unbounded subset of α. But then, the sequence 〈Dα | α ∈ A〉 is an A-list,
and hence there is D ⊆ κ such that {α ∈ A | D ∩ α = Dα} is an unbounded subset of κ. In this situation,
the set {α ∈ Nκwie | D ∩ α = dα} is also unbounded in κ. These computations show that the subset N
κ
wie of
κ is weakly ineffable, contradicting our initial assumption. 
Lemma 8.3. If κ is ineffable, then Nκwie ∈ I
κ
ie and N
κ
ie /∈ I
κ
ie.
Proof. First, let A denote the set of all inaccessibles α < κ which are not weakly ineffable. For every α ∈ A,
pick an α-list 〈dαξ | ξ < α〉 witnessing that α is not weakly ineffable. Given α ∈ A, define
Dα = {≺ξ, ζ≻ | ξ < α, ζ ∈ d
α
ξ } ⊆ α.
Assume, for a contradiction, that A is ineffable and pickD ⊆ κ such that the set S = {α ∈ A |D∩α = Dα}
is stationary in A. Then there is a unique κ-list 〈dξ | ξ < κ〉 with dξ = dαξ for all α ∈ S and ξ < α. Since κ
is ineffable, there is E ⊆ κ with the property that the set T = {ξ < κ | E ∩ ξ = dξ} is stationary in κ. Pick
α ∈ S ∩ Lim(T ) ⊆ A. If ξ ∈ T ∩ α, then dαξ = dξ = E ∩ ξ. Since T ∩ α is unbounded in α, this shows that
the set {ξ < α | E ∩ ξ = dαξ } is unbounded in α, contradicting the fact that 〈d
α
ξ | ξ < α〉 witnesses that α is
not weakly ineffable.
For the second statement, assume for a contradiction that κ is the least ineffable cardinal for which
Nκie ∈ I
κ
ie holds. Let 〈dα | α ∈ N
κ
ie〉 be an N
κ
ie-list, and let A = {α < κ | α is ineffable} /∈ I
κ
ie. For every
α ∈ A, we find a set Dα ⊆ α such that the set {ξ ∈ Nαie | Dα ∩ ξ = dξ} is stationary in α. Then, the
sequence 〈Dα | α ∈ A〉 is an A-list, and hence there is D ⊆ κ so that S = {α ∈ A | D ∩ α = Dα} is a
stationary subset of κ. Let C be a club subset of κ, and pick α ∈ Lim(C)∩S ⊆ A. Then α is regular, C ∩α
is a club in α and there is ξ ∈ C ∩ Nαie with dξ = Dα ∩ ξ = D ∩ ξ. This allows us to conclude that the set
{ξ ∈ Nκie | D ∩ ξ = dξ} is stationary in κ. These arguments show that N
κ
ie is ineffable, a contradiction. 
9. A formal notion of Ramsey-like cardinals
In this section, we generalize the α-Ramsey cardinals from [16] to the class of Ψ-α-Ramsey cardinals, and
verify analogous results for this larger class of large cardinal notions. We start by introducing a number of
generalizations of notions from [16]. In the later sections of our paper, we will consider a number of special
cases of these fairly general concepts. Our generalizations will be based on games that are similar to those
from [16], which however allow for quite general extra winning conditions Ψ. We will usually only require
them to satisfy the property introduced in the next definition.
Definition 9.1. We say that a first order ǫ-formula Ψ(v0, v1) remains true under restrictions if Ψ(X,F ∩X)
holds whenever ∅ 6= X ⊆M , F ⊆M and Ψ(M,F ) holds.
Definition 9.2. Given uncountable regular cardinals κ < θ with κ = κ<κ, a limit ordinal γ ≤ κ+, an
unbounded subset A of κ and a first order formula Ψ(v0, v1), we let GΨ
θ
γ(A) denote the game of perfect
information between two players, the Challenger and the Judge, who take turns to produce ⊆-increasing
sequences 〈Mα | α < γ〉 and 〈Fα | α < γ〉, such that the following holds for every α < γ:
(1) At any stage α < γ, the Challenger plays a κ-modelMα ≺ H(θ) such that the set A and the sequences
〈Mα¯ | α¯ < α〉 and 〈Fα¯ | α¯ < α〉 are contained in Mα, and then the Judge plays an Mα-ultrafilter Fα
on κ.
(2) A ∈ F0.
In the end, we let Mγ =
⋃
α<γMα and Fγ =
⋃
α<γ Fα. The Judge wins the run of the game if Fγ is an
Mγ-normal filter such that Ψ(Mγ , Fγ) holds. Otherwise, the Challenger wins.
Note that if the Judge ever plays a filter Fα that is not normal, then the Challenger wins, for if ∆Fα is
non-stationary, then Fγ cannot be Mγ-normal, for otherwise it has to contain ∆Fα as an element. On the
other hand, if every Fα is Mα-normal, then clearly also Fγ is Mγ-normal.
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Definition 9.3. Let κ be an uncountable cardinal with κ = κ<κ, let A be an unbounded subset of κ, let
θ > κ be a regular cardinal, let γ ≤ κ+ be a limit ordinal, and let Ψ(v0, v1) be a first order ǫ-formula.
• A has the Ψθγ-filter property if the Challenger does not have a winning strategy in GΨ
θ
γ(A).
• A has the Ψ∀γ-filter property if it has the Ψ
ϑ
γ -filter property for all regular ϑ > κ.
Extending notions from [9] and from [16], we introduce a generalization of the notion of Ramseyness.
Definition 9.4. Let κ < θ be uncountable regular cardinals, let α ≤ κ be an infinite regular cardinal, let
A be an unbounded subset of κ and let Ψ(v0, v1) be a first order ǫ-formula.
• A is Ψκα-Ramsey if for every x ⊆ κ, there is a transitive weak κ-modelM closed under <α-sequences
and a uniform, κ-amenable M -normal M -ultrafilter U on κ such that x ∈ M , A ∈ U and Ψ(M,U)
holds.
• A is Ψθα-Ramsey if for every x ∈ H(θ), there is a weak κ-modelM ≺ H(θ) closed under <α-sequences
and a uniform, κ-amenable M -normal M -ultrafilter U on κ such that x ∈ M , A ∈ U and Ψ(M,U)
holds.
• A is Ψ∀α-Ramsey if it is Ψ
θ
α-Ramsey for every regular cardinal θ > κ.
• If ϑ ∈ {κ, θ, ∀}, then κ is a Ψϑα-Ramsey cardinal if κ is Ψ
ϑ
α-Ramsey as a subset of itself.
The above definition of Ramsey-like cardinals fits well with the main topics of this paper: Given an
ordinal α and a property Ψ(M,U) of models M and M -ultrafilters U , we may form a stronger property
Ψ¯α(M,U) by conjuncting the properties that M is closed under <α-sequences and U is uniform, M -normal
and κ-amenable for M . Then Scheme B holds true for Ψκα-Ramsey cardinals and the property Ψ¯α(M,U)
and Scheme C holds true for Ψ∀α-Ramsey cardinals and the property Ψ¯α(M,U). Moreover, Theorem 9.9
will show that Scheme A holds true as well for Ψ∀ω-Ramsey cardinals and the property Ψ¯ω(M,U).
The above definition covers many instances of specific Ramsey-like cardinals that have already been
defined in the set-theoretic literature. Let α ≤ κ be regular cardinals.
• In Section 11, we will show that a cardinal κ is completely ineffable if and only if it is T∀ω-Ramsey,
where T(M,U) denotes the (trivial) property that U = U .
• [9, Definition 1.2] A cardinal κ is weakly Ramsey if it is wfκω-Ramsey, where wf(M,U) denotes the
property that the ultrapower Ult(M,U) is well-founded.
• [10, Definition 2.11] Given an ordinal β ≤ ω1, a cardinal κ is β-iterable if it is wfβκω-Ramsey, where
wfβ(M,U) denotes the property that U produces not only a well-founded ultrapower, but also
β-many well-founded iterates of M .
• [16, Definition 4.5] A cardinal κ is super weakly Ramsey if it is wfκ
+
ω -Ramsey.
• [16, Definition 5.1] A cardinal κ is ω-Ramsey if it is wf∀α-Ramsey.
• [27, Definition 4.11] Given an ordinal β ≤ ω1, a cardinal κ is (ω, β)-Ramsey if it is wfβ∀ω-Ramsey.
• [9, Theorem 1.3] A cardinal κ is Ramsey if and only if it is ccκω-Ramsey, where cc(M,U) denotes
the property that U is countably complete.
• [4, Proof of Theorem 3.19] A cardinal κ is weakly super Ramsey if it is ccκ
+
ω -Ramsey.
• Ineffably Ramsey cardinals were introduced by Baumgartner in [3]. Adapting the above result on
Ramsey cardinals, it will follow in Section 12 that a cardinal κ is ineffably Ramsey if and only if it
is scκω-Ramsey, where sc(M,U) denotes the property that U is stationary-complete.
• In [8, Definition 3.2], Feng introduced a hierarchy of Ramsey-like cardinals denoted as Πβ-Ramsey
cardinals, for β ∈ Ord, with Π0-Ramsey cardinals being exactly Ramsey cardinals, and with Π1-
Ramsey cardinals being exactly ineffably Ramsey cardinals. All of these cardinals can be seen to fit
into our hierarchy of Ramsey-like cardinals.
• [16, Definition 5.1] Given an uncountable regular cardinal α, a cardinal κ ≥ α is α-Ramsey if it is
T∀α-Ramsey (or, equivalently, cc
∀
α-Ramsey). ω1-Ramsey cardinals were also called ω-closed Ramsey
in [4, Definition 2.6].
• [9, Definition 1.4] A cardinal κ is strongly Ramsey if it is Tκκ-Ramsey (or, equivalently, cc
κ
κ-Ramsey).
• [9, Definition 1.5] A cardinal κ is super Ramsey if it is Tκ
+
κ -Ramsey (or, equivalently, cc
κ+
κ -Ramsey).
• [27, Definition 2.7] A cardinal κ is a genuine α-Ramsey cardinal if κ is ∞∀α-Ramsey, where∞(M,U)
denotes the property that U is genuine.
• [27, Definition 2.7] A cardinal κ is a normal α-Ramsey cardinal if κ is ∆∀α-Ramsey, where ∆(M,U)
denotes the property that U is normal.
• A cardinal κ is locally measurable if and only if it is (Ψms)κω-Ramsey.
• A cardinal κ is measurable if and only if it is (Ψms)∀α-Ramsey for some (equivalently, for all) regular
α ≤ κ.
The following lemma is a straightforward generalization of [16, Theorem 5.6].
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Lemma 9.5. Let κ < θ be uncountable regular cardinals with κ = κ<κ, let A be an unbounded subset of κ,
let γ ≤ κ be regular, and let Ψ(v0, v1) be a first order ǫ-formula. Then, the following statements hold:
(1) If A has the Ψθγ-filter property, then A is Ψ
θ
γ-Ramsey.
(2) If Ψ remains true under restrictions and ϑ > 2<θ is a regular cardinal, and A is Ψϑγ -Ramsey, then
A has the Ψθγ-filter property.
Proof. First, assume that A has the Ψθγ-filter property. Given x ∈ H(θ), let σ be a any strategy for the
Challenger in the game GΨθγ(A) that ensures that x ∈M0. Since, by our assumption, σ cannot be a winning
strategy for the Challenger, it follows that there is a run 〈〈Mα | α < γ〉, 〈Fα | α < γ〉〉 of this game which the
Judge wins. Then, M =
⋃
α<γMα is closed under <γ-sequences, and Fγ =
⋃
α<γ Fα is a uniformM -normal
M -ultrafilter such that A ∈ Fγ and Ψ(M,Fγ) holds. By the same argument as in the proof of Lemma 6.3,
the filter Fγ is κ-amenable for M , as desired.
Now, assume that ϑ > 2<θ is regular, and that A is Ψϑγ -Ramsey, as witnessed by M ≺ H(ϑ) and U .
Assume for a contradiction that A does not have the Ψθγ-filter property. Then, there exists a winning
strategy σ ⊆ H(θ) for the Challenger in the game GΨθγ(A). It follows that σ ∈ H(ϑ), and hence, by
elementarity, such a winning strategy exists also in M . But this is a contradiction, because the Judge can
obviously win any run of the game in M by playing suitable pieces of U , using that initial segments of the
run of the game are contained in M , since M is closed under <γ-sequences, and that Ψ remains true under
restrictions. 
The next lemma is a generalization of [16, Lemma 3.3], and shows, together with Lemma 9.5, that in
many cases the Ψ∀γ-Ramseyness of some cardinal κ is in fact a local property – namely it is equivalent to
its Ψθγ-Ramseyness for θ = (2
κ)+. We will need the following, which is a property that is shared by all Ψ’s
considered in this paper, except for the case when Ψ(M,U) ≡ wf(M,U).
Definition 9.6. A first order ǫ-formula Ψ(v0, v1) remains true under κ-restrictions if Ψ(X,F ∩ X) holds
whenever ∅ 6= P(κ)X ⊆ P(κ)M and Ψ(M,F ) holds.
Lemma 9.7. Let κ = κ<κ be an uncountable cardinal, let γ ≤ κ+ be a limit ordinal, let θ > κ be regular,
and let Ψ(M,U) be a property that remains true under κ-restrictions. Then, an unbounded subset A of κ
has the Ψ∀γ-filter property if and only if it has the Ψ
θ
γ-filter property.
Proof. Let θ0 and θ1 both be regular cardinals greater than κ, and assume that the Challenger has a winning
strategy σ0 in the game GΨ
θ0
γ (A). We construct a winning strategy σ1 for the Challenger in the game
GΨθ1γ (A). Whenever the Challenger would play Mα in a run of the game GΨ
θ0
γ (A) where he is following his
winning strategy σ0, then σ1 shall tell him to play some M
∗
α which is a valid move in the game GΨ
θ1
γ (A)
such that M∗α ⊇ P(κ) ∩ Mα. Every possible response F
∗
α of the Judge in the game GΨ
θ1
γ (A) induces a
response Fα = F
∗
α ∩Mα in the game GΨ
θ0
γ (A). We use this induced response together with the strategy
σ0 to obtain the next move of the Challenger in the game GΨ
θ0
γ (A), and continue playing these two games
in this way for γ-many steps. As the Challenger is following a winning strategy in the game GΨθ0γ (A), it
follows that Fγ is either not Mγ-normal or Ψ(Mγ , Fγ) fails. But, using our assumptions, the same is the
case for M∗γ =
⋃
α<γM
∗
α and F
∗
γ =
⋃
α<γ F
∗
α, showing that σ1 is indeed a winning strategy. 
The following is now immediate from Lemma 9.5 and Lemma 9.7.
Corollary 9.8. Let κ be an uncountable cardinal, let γ ≤ κ+, and let Ψ(M,U) be a property that remains
true under κ-restrictions. Then, an unbounded subset A of κ is Ψ∀γ-Ramsey if and only if it is Ψ
θ
γ-Ramsey
for some regular cardinal θ > 2κ.
The next result immediately yields Theorem 1.2.(2b) and (2(c)ii), and also justifies the entries for Tκω-
Ramsey, ∞κω-Ramsey, ∆
κ
ω-Ramsey, cc
∀
ω-Ramsey, and the final entry for ∆
∀
ω-Ramsey cardinals in Table
3. We will show in Section 13 that the notions of ∆∀ω-Ramseyness, ∞
∀
ω-Ramseyness and sc
∀
ω-Ramseyness
coincide.
Theorem 9.9. Let κ be an uncountable cardinal, let A be an unbounded subset of κ, let γ ≤ κ be a regular
cardinal, and let Ψ(v0, v1) be a first order ǫ-formula that remains true under restrictions. Then, the following
statements are equivalent for all γ ≤ λ ≤ κ with λ<γ = λ:
(1) A is Ψ∀γ-Ramsey.
(2) For any regular cardinal θ > κ and many (λ, κ)-models M ≺ H(θ) closed under <γ-sequences, there
exists a uniform, κ-amenable, M -normal M -ultrafilter U on κ such that A ∈ U and Ψ(M,U) holds.
(3) For any regular cardinal θ > κ, and many (λ, κ)-models M ≺ H(θ) closed under <γ-sequences, there
exists a κ-powerset preserving κ-embedding j : M −→ 〈N, ǫN 〉 such that κN ǫN j(A) and Ψ(M,Uj)
holds.
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Proof. The implication from (1) to (2) is trivial in case λ = κ. Given λ < κ, pick a (λ, κ)-model 〈M¯, U¯〉 ≺
〈M,U〉 closed under < γ-sequences and containing x and A as elements. Then, by elementarity, and since
Ψ remains true under restrictions, 〈M¯, U¯〉 is as desired. The equivalence between (2) and (3) follows from
Proposition 3.1.(5), Corollary 3.7, and Lemma 3.9. Next, note that Lemma 4.5 shows that (3) implies that
κ is inaccessible. The implication from (2) to (1) is again trivial in case λ = κ. For smaller λ, note that the
size of M did not matter in the proof of Lemma 9.5.(2), as long as γ + 1 ⊆M . This shows that (2) implies
A to have the Ψ∀γ-filter property. Applying Lemma 9.5.(1) then yields A to be Ψ
∀
γ-Ramsey. 
Let us now introduce ideals that are canonically induced by our Ramsey-like cardinals.
Definition 9.10. Let Ψ(v0, v1) be a first order ǫ-formula and let κ be a Ψ
θ
α-Ramsey cardinal with θ ≥ κ
regular and α ≤ κ regular and infinite. We define the Ψθα-Ramsey ideal on κ to be the set
IΨθα(κ) = {A ⊆ κ | A is not Ψ
θ
α-Ramsey}.
If θ = κ, the above ideals are particular instances of the ideals defined in Definition 1.3.(2): Given an
ordinal α and a property Ψ(M,U) of models M and M -ultrafilters U , if Ψ¯α(M,U) is the induced property
defined in the discussion following Definition 9.4, then Iκ
Ψ¯α
= IΨκα(κ) holds for every Ψ
κ
α-Ramsey cardinal
κ. In particular, the discussion following Definition 1.3 and Lemma 2.3 show that these ideals are proper
and normal. Similarly, if we further strengthen the property Ψ¯α(M,U) to obtain a property Ψ¯
+
α (M,U) that
also demands the model M to be an elementary submodel of H(κ+), then Iκ
Ψ¯+α
= IΨκ
+
α (κ) holds for every
Ψκ
+
α -Ramsey cardinal κ, and hence these ideals are also proper and normal.
Proposition 9.11. Let Ψ(v0, v1) and Ω(v0, v1) be first order ǫ-formulas that remain true under restrictions,
such that Ω implies Ψ, let α ≤ β ≤ κ be regular infinite cardinals, let ϑ ≥ θ ≥ κ be regular cardinals, and
let κ be an Ωϑβ-Ramsey cardinal. Then, IΨ
θ
α(κ) ⊆ IΩ
ϑ
β(κ).
Proof. Assume that A 6∈ IΩϑβ(κ). Then, for any x ∈ H(θ) ∪ P(κ), there is a weak κ-model M , elementary
in H(ϑ) in case ϑ > κ, and transitive in case ϑ = κ, that is closed under <β-sequences, with x ∈ M ,
with θ ∈ M in case θ < ϑ, and with a uniform, κ-amenable, M -normal M -ultrafilter U on κ with A ∈ U ,
such that Ω(M,U) holds. But then, using that Ω implies Ψ, which remains true under restrictions, either
M ∩ H(θ) (in case θ > κ) or M ∩ H(κ+) (in case θ = κ) witnesses, together with U , that A 6∈ IΨθα(κ). 
If κ is a Ψ∀α-Ramsey cardinal, it follows by a trivial cardinality argument that the ideals IΨ
θ
α on κ stabilize
for sufficiently large θ.20 We can thus make the following definition, that corresponds to Definition 1.3.(3).
Definition 9.12. Let Ψ(v0, v1) be a first order ǫ-formula that remains true under restrictions and let κ be
a Ψ∀α-Ramsey cardinal with α ≤ κ regular and infinite. We define the Ψ
∀
α-Ramsey ideal on κ to be the set
IΨ∀α(κ) =
⋃
{IΨθα(κ) | θ > κ regular}.
Given an ordinal α and a property Ψ(M,U) of models M and M -ultrafilters U , if Ψ¯α(M,U) is the
induced property defined in the discussion following Definition 9.4, then the above remarks directly show
that Iκ
≺Ψ¯α
= IΨ∀α(κ) holds for all Ψ
∀
α-Ramsey cardinals κ. In particular, these ideals are normal and proper.
In addition, Proposition 9.11 shows that, for properties Ψ and Ω that remain true under restrictions such
that Ω implies Ψ, and for regular infinite cardinals α ≤ β ≤ κ, if κ is Ω∀β-Ramsey, then IΨ
∀
α(κ) ⊆ IΩ
∀
β(κ).
In the remainder of this section, we prove results concerning the relations of the ideals produced by
Definition 9.10 and Definition 9.12. The following sets will be central for this analysis. Given regular
cardinals α < κ and a first order ǫ-formula Ψ(v0, v1), we make the following definitions:
• NΨκα(κ) = {γ ∈ (α, κ) | γ is not a Ψ
γ
α-Ramsey cardinal}.
• NΨκκ(κ) = {γ < κ | γ is not a Ψ
γ
γ-Ramsey cardinal}.
• NΨκ
+
α (κ) = {γ ∈ (α, κ) | γ is not a Ψ
γ+
α -Ramsey cardinal}.
• NΨκ
+
κ (κ) = {γ < κ | γ is not a Ψ
γ+
γ -Ramsey cardinal}.
The following lemmas now show that under mild assumptions on the formula Ψ, the Ψκα-Ramsey, Ψ
κ+
α -
Ramsey and Ψ∀α-Ramsey cardinals are strictly increasing in terms of consistency strength, thus strengthening
and generalizing [16, Proposition 5.2 and Proposition 5.3] and [9, Theorem 3.14]. They also show that if κ
is a Ψ∀α-Ramsey cardinal, then IΨ
∀
α(κ) ) IΨ
κ
α(κ).
Lemma 9.13. Let Ψ(v0, v1) be a first order ǫ-formula that remains true under restrictions, let α be a regular
cardinal, and let κ ≥ α be a Ψκ
+
α -Ramsey cardinal such that Ψ is absolute between V and H(κ
+). Then, the
following statements hold true.
20In general, we do not know of any way to find a non-trivial bound on what a sufficiently large θ would be relative to κ.
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(1) NΨκα(κ) ∈ IΨ
κ+
α (κ).
(2) NΨκ
+
α (κ) /∈ IΨ
κ
α(κ).
Proof. (1) Assume that A = NΨκα(κ) /∈ IΨ
κ+
α (κ). Then, there is a weak κ-model M ≺ H(κ
+) and a κ-
powerset preserving κ-embedding j : M −→ 〈N, ǫN 〉 such that A ∈ M and κ
N ǫN j(A). First assume that
α < κ. Then our assumptions on Ψ imply that the set A consists of all γ in (α, κ) that are not Ψγα-Ramsey
cardinals in M . Therefore, κN is not a Ψκ
N
j(α)-Ramsey cardinal in 〈N, ǫN 〉. However, since j is κ-powerset
preserving and M is an elementary submodel of H(κ+), we can use the isomorphism provided by Lemma
3.5.(2) to conclude that κN is Ψκ
N
j(α)-Ramsey in 〈N, ǫN 〉, a contradiction. In the other case, if α = κ, then
our assumptions ensure that A consists of all γ < κ that are not Ψγγ-Ramsey cardinals in M and hence κ
N
is not a Ψκ
N
κN -Ramsey cardinal in 〈N, ǫN 〉. As above, we can use Lemma 3.5.(2) to derive a contradiction.
(2) First, assume that κ > α and κ is the least Ψγ
+
α -Ramsey cardinal γ > α with the property that
NΨγ
+
α (γ) ∈ IΨ
γ
α(γ) ⊆ IΨ
γ+
α (γ). By Definition 9.10, Proposition 3.1.(5) and Corollary 3.7, there is a weak κ-
model M ≺ H(κ+), and a κ-powerset preserving κ-embedding j : M −→ 〈N, ǫN 〉 with κN /∈N j(NΨκ
+
α (κ)).
Therefore, κN is a Ψ
(κN )+
j(α) -Ramsey cardinal below j(κ) in 〈N, ǫN 〉, and hence, by minimality, it follows that
NΨ
(κN )+
j(α) (κ
N ) /∈ IΨκ
N
j(α)(κ
N ) holds in this model. By our assumptions on Ψ, the model M computes both
NΨκ
+
α (κ) and IΨ
κ
α(κ) correctly. In this situation, Lemma 3.5 (2) shows that NΨ
(κN )+
j(α) (κ
N ) ∈ IΨκ
N
j(α)(κ
N )
holds in 〈N, ǫN 〉, a contradiction. 
The next result shows that, in many important cases, ideals of the form IΨκ
+
α (κ) are proper subsets of
the corresponding ideals IΨ∀α(κ).
Lemma 9.14. Let Ψ(v0, v1) be a first order ǫ-formula that remains true under restrictions and is absolute
between V and H(θ) for sufficiently large regular cardinals θ. If κ is a Ψ∀α-Ramsey cardinal for some regular
α < κ, then NΨκ
+
α (κ) ∈ IΨ
∀
α(κ).
Proof. Assume that B = NΨκ
+
α (κ) /∈ IΨ
∀
α(κ). Let θ > (2
κ)+ be a sufficiently large regular cardinal. Then,
there is a weak κ-model M ≺ H(θ) with a κ-powerset preserving κ-embedding j :M −→ 〈N, ǫN 〉 such that
κN ǫN j(B). Since our assumption on Ψ imply that M computes NΨ
κ+
α (κ) correctly, the model 〈N, ǫN 〉
thinks that κN is not Ψ
(κN)+
j(α) -Ramsey. However, by κ-powerset preservation and by Lemma 3.5 (2), the
model 〈N, ǫN 〉 also thinks that κN is Ψ
(κN )+
j(α) -Ramsey, a contradiction. 
Lemma 9.15. Let Ψ(M,U) be a first order property such that whenever κ is an infinite cardinal and M0,
M1, U0 and U1 satisfy the properties listed below, then Ψ(M1, U1) holds.
• Mi is a transitive weak κ-model for all i < 2.
• Ui is a uniform, κ-amenable and Mi-normal Mi-ultrafilter on κ for all i < 2.
• Ψ(M0, U0) holds and M1, U1 ∈ H(κ+)M0 .
• Some surjection s : κ −→ Vκ is an element of M0.
• Ψ(j∗U0(M1), j
∗
U0
(U1)) holds in 〈Ult(M0, U0), ǫU0〉, where j
∗
U0
is the ǫ-isomorphism induced by the
ultrapower embedding jU0 : M0 → Ult(M0, U0) and by s, as in Lemma 3.5.(2).
Then, if κ is a Ψϑα-Ramsey cardinal with α ≤ κ and ϑ ∈ {κ, κ
+}, then NΨϑα(κ) /∈ IΨ
ϑ
α(κ).
Proof. First, assume that there is an ordinal α and a Ψκα-Ramsey cardinal κ ≥ α with NΨ
κ
α(κ) ∈ IΨ
κ
α(κ).
Let κ be minimal with this property and pick x ⊆ κ witnessing that NΨκα(κ) is not Ψ
κ
α-Ramsey. Pick
a surjection s : κ → Vκ. Since κ is Ψκα-Ramsey, there is a weak κ-model M0 closed under <α-sequences
and a uniform, κ-amenable M0-normal M0-ultrafilter U0 such that x, s ∈ M0 and Ψ(M0, U0) holds. If
α < κ, then we set β = jU0(α). In the other case, if α = κ, then we set β = κ
U0 . Then κU0 is a Ψκ
U0
β -
Ramsey cardinal with NΨκ
U0
β (κ
U0) /∈ IΨκ
U0
β (κ
U0) in Ult(M0, U0). Hence, in Ult(M0, U0), there is a weak
κU0 -model M¯ closed under <β-sequences and a uniform, κU0-amenable M¯ -normal M¯ -ultrafilter U¯ such
that j∗U0(x) ∈ M¯ , NΨ
κU0
β (κ
U0) ∈ U¯ and Ψ(M¯, U¯) holds. Pick M1, U1 ∈ H(κ+)M0 with j∗U0(M1) = M¯ and
j∗U0(U1) = U¯ . Then M1 is a weak κ-model closed under <α-sequences, U1 is a uniform, κ-amenable and
M1-normal M1-ultrafilter on κ and our assumptions on Ψ imply that Ψ(M1, U1) holds. Moreover, we have
x ∈ M1 and, since j∗U0(NΨ
κ
α(κ)) = (NΨ
κU0
β (κ
U0))N, we know that NΨκα(κ) ∈ U1. But this shows that M1
and U1 witness that NΨ
κ
α(κ) /∈ IΨ
κ
α(κ), a contradiction.
The case ϑ = κ+ works analogously, using the observation that, if M0 ≺ H(κ+) is a weak κ-model,
U0 is a uniform, κ-amenable and M0-normal M0-ultrafilter on κ, M¯ ≺ H((κU0 )+) is a weak κU0-model in
Ult(M0, U0) and M1 ∈ H(κ+)M0 with j∗U0(M1) = M¯ , then M1 is a weak κ-model with M1 ≺ H(κ
+). 
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The above lemma directly yields the related parts of Theorem 1.5.(6), 1.5,(9) and 1.5,(10). It also provides
the corresponding statements for β-iterable, super weakly Ramsey and super Ramsey cardinals.
Corollary 9.16. Let α ≤ κ ≤ ϑ be cardinals with ϑ ∈ {κ, κ+}.
(1) If κ is a Tϑα-Ramsey cardinal, then NT
ϑ
α(κ) /∈ IT
ϑ
α(κ).
(2) If κ is a wfϑα-Ramsey cardinal, then Nwf
ϑ
α(κ) /∈ Iwf
ϑ
α(κ).
(3) If κ is a wfβϑα-Ramsey cardinal with β ≤ ω1, then Nwfβ
ϑ
α(κ) /∈ Iwfβ
ϑ
α(κ). 
10. The bottom of the Ramsey-like hierarchy
The weakest principles that can be extracted from the general definitions of the previous section are the
Tκω-Ramsey and the T
κ+
ω -Ramsey cardinals. It already follows from Theorem 6.5 that if κ is T
κ
ω-Ramsey,
then κ is weakly compact. Moerover, it is trivial to check that whenever κ is a Tκω-Ramsey cardinal, then
ITκω(κ), the smallest of our Ramsey-like ideals, is a superset of the ideal I
κ
δ .
Lemma 10.1. If κ is a Tκω-Ramsey cardinal, then I
κ
wie ∪ {N
κ
ie} ⊆ IT
κ
ω(κ), NT
κ
ω(κ) /∈ IT
κ
ω(κ) and I
κ
ie 6⊆
ITκω(κ).
Proof. First, let A ⊆ κ beTκω-Ramsey and fix anA-list ~d = 〈dα | α ∈ A〉. Pick a weak κ-modelM with ~d ∈M
and a κ-amenable, M -normalM -ultrafilter U on κ with A ∈ U . Set N = Ult(M,U). Since jU is κ-powerset
preserving, the set D = {α < κ | jU (α) ǫN (jU (~d)κN )
N} is an element ofM . Then {α ∈ A | D∩α = dα} ∈ U
and, since U is uniform, we can conclude that A is weakly ineffable. These computations show that κ is
weakly ineffable with Iκwie ⊆ IT
κ
ω(κ). Moreover, Corollary 9.16 directly shows that NT
κ
ω /∈ IT
κ
ω(κ).
Next, assume that Nκie /∈ IT
κ
ω(κ). Then, there is a transitive weak κ-model M and a κ-amenable, M -
normal M -ultrafilter U on κ such that Nκie ∈ U . Now, for every κ-size collection of subsets of κ in M , we
can use U to find a normal ultrafilter on that collection in M . In particular, κ is ineffable in M (see [1,
Corollary 1.3.1] or Theorem 8.1). By the κ-powerset preservation of the embedding jU , the fact that the
ineffability of κ is a property of Vκ+1 implies that κ
U is ineffable in 〈Ult(M,U), ǫU 〉. On the other hand,
we have κU ǫU jU (N
κ
ie), yielding that κ
U is not ineffable in Ult(M,U), a contradiction.
Finally, if κ is not ineffable, then the remarks following Definition 1.3 show that κ ∈ Iκie \ IT
κ
ω(κ). Hence,
we may assume that κ is ineffable. Since Tκω-Ramseyness is a Π
1
2-property and the classical argument
of Jensen and Kunen in [18] proving the Π12-indescribability of ineffable cardinals shows that, given an a
Π12-statement Ω that holds in Vκ, the set of all non-reflection points of Ω in κ is not ineffable, we can use
Theorem 8.1 to conclude that NTκω ∈ I
κ
ie \ IT
κ
ω(κ). 
Proposition 10.2. If κ is Tκ
+
ω -Ramsey, then I
κ
ie ⊆ IT
κ+
ω (κ) and NT
κ+
ω (κ) /∈ IT
κ+
ω (κ).
Proof. The first statement is proven exactly as the related part of Lemma 10.1, additionally using that, by
elementarity, every element of U is stationary. The second statement follows from Corollary 9.16. 
11. Completely ineffable cardinals
We start by recalling the definition of complete ineffability.
Definition 11.1. Let κ be an uncountable regular cardinal.
(1) A nonempty collection S ⊆ P(κ) is a stationary class if the following statements hold:
(a) Every A ∈ S is a stationary subset of κ.
(b) If A ∈ S and A ⊆ B ⊆ κ, then B ∈ S.
(2) A subset A of κ is completely ineffable if there is a stationary class S ⊆ P(κ) with A ∈ S and the
property that for every S ∈ S and every function c : [S]2 −→ 2, there is H ∈ S that is homogeneous
for f .
(3) The cardinal κ is completely ineffable if the set κ is completely ineffable in the above sense.
It is trivial to check that if there exists a stationary class S ⊆ P(κ) witnessing the complete ineffability of
κ, then the union of all such stationary classes is again a stationary class witnessing the complete ineffability
of κ, and it is therefore the unique maximal stationary class that does so. From [19, Corollary 3] and its
proof, and from the definition of the completely ineffable ideal in [20], it is immediate that the completely
ineffable ideal is the complement of this maximal stationary class. The following lemma is an easy adaption
of Kunen’s result that ineffability can be characterized either in terms of homogeneous sets for colourings
or for lists (see [18, Theorem 4]).21 It is probably a folklore result, and its substantial direction is implicit
in the proof of [27, Theorem 3.12].
21[18, Theorem 4] also provides a characterization of ineffability in terms of regressive colourings. An analogous result would
be possible for complete ineffability, however we do not need this in our paper, and hence omitted to present it.
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Lemma 11.2. A stationary class S ⊆ P(κ) with 0 6∈
⋃
S22 witnesses that A ⊆ κ is completely ineffable if
and only if S witnesses A to be completely ineffable with respect to lists, in the sense that A ∈ S and for
every S ∈ S, and every S-list ~d = 〈dα | α ∈ S〉, there is K ∈ S with dα = dβ ∩ α for all α, β ∈ K with
α < β.
Proof. First, assume that the stationary class S witnesses that A ⊆ κ is completely ineffable. Pick S ∈ S,
and an S-list ~d = 〈dα | α ∈ S〉. Order the bounded subsets of κ by letting a ≺ b if there is an α < κ such
that a ∩ α = b ∩ α and α ∈ b \ a.23 Define a colouring c : [κ]2 −→ 2 by setting, for α < β, c({α, β}) = 1 in
case dα ≺ dβ or dα = dβ , and setting c({α, β}) = 0 otherwise. Let H ∈ S be homogeneous for c. Since we
cannot have a descending κ-sequence in the ordering ≺, it follows that c takes constant value 1 on H . If the
sequence 〈dα | α ∈ H〉 is eventually constant, then some final segment K of H is as desired. Otherwise, for
every ξ < κ, consider the sequence 〈dα ∩ ξ | α ∈ H, α > ξ〉. Since this is a weakly ≺-increasing κ-sequence
of subsets of ξ, we can define a function f : κ −→ κ by letting f(ξ) be the minimal η ≥ ξ such that
dα ∩ ξ = dβ ∩ ξ whenever α, β ∈ H with η ≤ α < β. Then, f is a continuous, increasing function that maps
κ cofinally into κ. Let C be the closed unbounded subset of κ of fixed points of f . Whenever ζ ∈ C ∩H , we
have in particular that dζ = dα ∩ ζ for every α > ζ in H . But it is also easy to see that S is closed under
intersections with closed unbounded subsets of κ. Thus, we have K = C ∩H ∈ S, and hence S witnesses A
to be completely ineffable with respect to lists, as desired.
In the other direction, let S be a stationary class with 0 6∈
⋃
S that witnesses that A is completely
ineffable with respect to lists. Pick S ∈ S, and a colouring c : [S]2 −→ 2. Define an S-list ~d = 〈dα | α ∈ S〉
by setting dα = {β < α | c({α, β}) = 1}. By our assumption, we find H ∈ S such that dα = dβ∩α whenever
α < β are both elements of H . Let f : H −→ 2 be defined by setting f(α) = 1 if and only if α ∈ dβ for
some (equivalently, for all) β > α in H . Now, define an H-list ~e = 〈eα | α ∈ H〉 by setting eα = α in case
f(α) = 1, and setting eα = ∅ otherwise. By our assumption, we find K ∈ S such that f is homogeneous on
K. Assume that f takes value i ∈ {0, 1} on K. Then, if α < β are both elements of K, our definitions yield
that c({α, β}) = i, i.e. K ∈ S is homogeneous for c, as desired. 
The following result is the crucial link connecting completely ineffable and Ramsey-like cardinals, and
in particular implies Theorem 1.4 (6), by the above and by Lemma 9.5. In particular, it shows that a
cardinal is completely ineffable if and only if it is T∀ω-Ramsey. Its proof is a generalization, adaption and
simplification of [27, Theorem 3.12].
Theorem 11.3. Given an uncountable regular cardinal κ, a subset A of κ is completely ineffable if and
only if κ = κ<κ holds and A has the T∀ω-filter property.
Proof. First, assume that A has the T∀ω-filter property, and κ = κ
<κ holds. Let θ > κ be regular. By
Lemma 9.5, A is Tθω-Ramsey. Let S denote the collection of all subsets of κ which are T
∀
ω-Ramsey. Then,
A ∈ S and S is a stationary class. Pick X ∈ S and c : [X ]2 −→ 2. Pick M ≺ H(θ) with c ∈ M , and an
M -normal, κ-amenable M -ultrafilter U on κ with X ∈ U . Let ~Y = 〈Yα | α ∈ X〉 be defined by setting
Yα = {β > α | c({α, β}) = 0}. Define ~Z = 〈Zα | α ∈ X〉 by setting Zα = Yα in case Yα ∈ U , and let
Zα = X \ Yα ∈ U otherwise. Then, ~Z ⊆ U implies ∆~Z ∈ U . Let H ∈ U either be ∆~Z ∩ {α ∈ X | Yα ∈ U}
or ∆~Z ∩ {α ∈ X | Yα /∈ U}. Then, it is easy to check that H ⊆ X is homogeneous for c. Moreover, we have
H ∈ U ⊆ S and hence S is a stationary class witnessing that A is completely ineffable.
For the reverse direction, assume that A ⊆ κ is completely ineffable, as witnessed by the stationary class
S. Let θ > κ be a regular cardinal. We describe a strategy for the Judge in the game GTθω(A). As required
by the rules of this game, the Challenger and the Judge take turns playing κ-models Mn and Mn-ultrafilters
Un. We let the Judge also pick, in each step n < ω, an enumeration ~X
n = 〈Xnξ | ξ < κ〉 of P(κ)∩Mn and a
set Hn ∈ S such that the following hold (the first two items are required by the rules of the game GTθω(A)):
• A ∈ U0,
• If n > 0, then Un ⊇ Un−1 and Hn ⊆ Hn−1,
• Xnξ ∈ Un if and only if γ ∈ X
n
ξ for all ξ < γ ∈ Hn if and only if γ ∈ X
n
ξ for some ξ < γ ∈ Hn.
Assume that we have done this for m < n. We want to define the above objects at stage n. For the sake of
a uniform argument when n = 0, let H−1 = A, and let C−1 = κ. For α ∈ Hn−1, define rα ⊆ α by letting
ξ ∈ rα if and only if α ∈ Xnξ . By Lemma 11.2, we find a stationary set Hn ⊆ Hn−1 in S on which the rα’s
cohere, that is, for every α < β in Hn, rα = rβ ∩α. But this means that for α < β ∈ Hn, and ξ < α, α ∈ Xnξ
if and only if β ∈ Xnξ . This shows that if we now define Un using Hn as required above, it will satisfy the
required equivalence. In particular, this implies that Hn ⊆ ∆Un, making Un a normal Mn-measure.
22Note that this is a harmless extra assumption, for if some stationary class witnesses A ⊆ κ to be completely ineffable,
then there is such a stationary class S which also satisfies 0 6∈
⋃
S.
23Note that for bounded subsets a and b of κ, either a ≺ b, or b ≺ a, or a = b holds.
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It remains to show that Un−1 ⊆ Un in case n > 0. Thus, let X ∈ Un−1 be given, say X = Xnξ = X
n−1
ζ .
By the definition of Un−1, every ζ < γ ∈ Hn−1 is an element of X . In particular, we find some such γ > ξ
in Hn, witnessing that X ∈ Un, as desired. 
We are now ready to generalize Kleinberg’s result from [23]. Given the above, the following is now an
easy consequence of Theorem 9.9, and in particular implies Theorem 1.2 (2a).
Theorem 11.4. Given an uncountable cardinal κ, the following statements are equivalent for all regular
θ > 2κ and all λ ≤ κ:
(1) The cardinal κ is completely ineffable.
(2) For many (λ, κ)-models M ≺ H(θ), there exists a uniform, κ-amenable M -normal M -ultrafilter on
κ.
(3) For many (λ, κ)-models M ≺ H(θ), there exists a κ-powerset preserving κ-embedding j : M −→
〈N, ǫN 〉.
Proof. That (1) implies (2) is immediate from Theorem 9.9 and Theorem 11.3. The equivalence between
(2) and (3) follows from Corollary 3.3. Now, assume that (2) holds. Then Lemma 4.5 implies that κ is
inaccessible. Moreover, observe that the proof of the implication from (2) to (1) in Theorem 9.9 shows that
κ has the Tκ
+
ω -filter property. By Lemma 9.7, it follows that κ is completely ineffable. 
In the remainder of this section, we verify Theorem 1.5 (5).
Lemma 11.5. If κ is completely ineffable, then Iκie ∪ {N
κ
ie} ⊆ I
κ
≺cie and N
κ
cie /∈ I
κ
≺cie.
Proof. The first statement is immediate from Lemma 10.1, Proposition 10.2 and Proposition 9.11.
Assume for a contradiction that Nκcie ∈ I
κ
≺cie, and assume that κ is the least completely ineffable cardinal
with this property. Then there exists a regular cardinal θ > κ, a weak κ-model M ≺ H(θ) with H(κ) ∈ M
and a κ-amenable, M -normal M -ultrafilter U with Nκcie /∈ U . It follows that κ
U is completely ineffable in
Ult(M,U), however Nκ
U
cie /∈ I
κU
≺cie in Ult(M,U) by elementarity of jU and by our minimality assumption on κ.
Let S be the maximal stationary class witnessing that κU is completely ineffable in Ult(M,U), that is, the
complement of Iκ
U
≺cie in Ult(M,U). The iterative construction of the maximal stationary class T witnessing
that κ is completely ineffable in M (see [23]) together with the κ-powerset preservation of jU easily yields
that the jU -preimage of the collection of elements of S in Ult(M,U) is contained in T . However, this yields
that Nκcie ∈ T , and since T is the complement of I
κ
≺cie in M , this is clearly a contradiction. 
12. Weakly Ramsey cardinals, Ramsey cardinals and ineffably Ramsey cardinals
We start this section by proving several statements from Theorem 1.5 (6).
Lemma 12.1. If κ is a weakly Ramsey cardinal, then Iκwie ∪ {N
κ
cie} ⊆ I
κ
wR, N
κ
wR /∈ I
κ
wR and I
κ
ie * I
κ
wR.
Proof. First, note that, since the properties T and wf remain true under restrictions, we can combine
Proposition 9.11 and Lemma 10.1 to conclude that Iκwie ⊆ IT
κ
ω(κ) ⊆ Iwf
κ
ω(κ) = I
κ
wR. Moreover, the proof
of [9, Theorem 3.7] directly shows that Nκcie ∈ I
κ
wR. In addition, Corollary 9.16.(2) directly implies that
NκwR = Nwf
κ
ω(κ) /∈ Iwf
κ
ω(κ) = I
κ
wR.
Finally, since weak Ramseyness is a Π12-property, the argument used in the last part of the proof of Lemma
10.1 also shows that Iκie * I
κ
wR. 
In [9, Theorem 1.3] and [29, Theorem 5.1], isolating from folklore results (see for example [26]), Gitman,
Sharpe and Welch have shown that a cardinal κ is Ramsey if and only if (in our notation) it is ccκω-Ramsey.
In [3], Baumgartner introduced the notion of ineffably Ramsey cardinals.
Definition 12.2. A cardinal κ is ineffably Ramsey if and only if every function c : [κ]<ω −→ 2 has a
homogeneous set that is stationary in κ.
In [3], Baumgartner also introduced the Ramsey ideal and the ineffably Ramsey ideal at κ, which can
be described as follows (see also [8]). A subset A ⊆ κ is Ramsey if every regressive function function
c : [A]<ω −→ κ has a homogeneous set of size κ. The Ramsey ideal on κ is the collection of all subsets
of κ that are not Ramsey. Moreover, a subset A ⊆ κ is ineffably Ramsey if every regressive function
c : [A]<ω −→ κ has a homogeneous set that is stationary in κ and the ineffably Ramsey ideal on κ is the
collection of all subsets of κ that are not ineffably Ramsey.
The same argument as for [5, Theorem 2.10] yields Item (1) of the following. A completely analogous
argument, replacing unboundedness by stationarity throughout, then verifies Item (2) below, showing in
particular that κ is ineffably Ramsey if and only if it is scκω-Ramsey, yielding Theorem 1.2.(3b).
SMALL MODELS, LARGE CARDINALS, AND INDUCED IDEALS 29
Proposition 12.3. (1) If κ is a Ramsey cardinal, then IκR = Icc
κ
ω(κ) is the Ramsey ideal on κ.
(2) If κ is ineffably Ramsey, then IκiR = Isc
κ
ω(κ) is the ineffably Ramsey ideal on κ.
Finally, using results from [8] and [23], we verify several statements from Theorem 1.5 (7) and (8).
Lemma 12.4. If κ is a Ramsey cardinal, then NκR /∈ I
κ
R and I
κ
ie * I
κ
R.
Proof. The first statement follows directly from [8, Theorem 4.5]. Since Ramseyness is a Π12-property, the
argument used in the last part of the proof of Lemma 10.1 also shows that Iκie * I
κ
R. 
Lemma 12.5. If κ is an ineffably Ramsey cardinal, then NκiR /∈ I
κ
iR and I
κ
≺cie * I
κ
iR.
Proof. The first statement again follows directly from [8, Theorem 4.5]. For the second statement, we may
assume that κ is completely ineffable, because otherwise the remarks following Definition 1.3 show that
κ ∈ Iκ≺cie \ I
κ
iR. Then the proof of [23, Theorem 4] shows that, given a Σ
2
0-statement Ω that holds in Vκ,
the set of all non-reflection points of Ω in κ is not completely ineffable. Since ineffable Ramseyness is
Π13-definable, the results of Section 11 now show that N
κ
iR ∈ I
κ
≺cie \ I
κ
iR. 
13. ∆∀ω-Ramsey cardinals
In this section we provide the short and easy proof that – perhaps somewhat surprisingly – the notions
of sc∀ω-Ramsey, ∞
∀
ω-Ramsey, and ∆
∀
ω-Ramsey cardinals are equivalent.
24 Together with Theorem 9.9, this
result shows why ∆∀ω-Ramseyness appears three times in Table 3, yielding Theorem 1.2 (2c), and in particular
completes the tables presented in our introductory section.
Proposition 13.1. Let κ be a cardinal. Then κ is sc∀ω-Ramsey if and only if κ is ∞
∀
ω-Ramsey if and only
if κ is ∆∀ω-Ramsey.
Proof. Assume that κ is sc∀ω-Ramsey, and let A ⊆ κ. Pick a sufficiently large regular cardinal θ, and let
M0 ≺ H(θ) with A ∈M0 be a weak κ-model. Consider a run of the game Gscθω(κ), in which the Challenger
starts by playing M0. As the Challenger has no winning strategy in this game, there is a run of this game
which is won by the Judge. Let M = Mω and F = Fω be the final model and filter produced by this run.
This means that M ≺ H(θ) is a weak κ-model with A ∈ M , and that F is a κ-amenable, M -normal and
stationary-complete M -ultrafilter. It is now easy to verify that the set (
⋂
i<ω∆Fi) \∆F is non-stationary
set. Since ∆Fi ∈ F for all i < ω, it follows that ∆F is stationary, for F is stationary-complete. 
We want to close this section by mentioning that ω1-Ramsey cardinals are limits of ∆
∀
ω-Ramsey cardinals.
This (and the slightly stronger statement that we will actually mention below) is shown exactly as in [16,
Theorem 5.10], using Corollary 9.8.
Proposition 13.2. NκnR ∈ IT
∀
ω1(κ). 
14. Strongly Ramsey and super Ramsey cardinals
In this section, we prove several statements about strong and super Ramsey cardinals contained in
Theorem 1.5 (9) and (10). We start by using ideals similar to the ones used in the proof of Lemma 9.13 to
derive the following result.
Proposition 14.1. If κ is a strongly Ramsey cardinal, then NTκ
+
α (κ) ∈ IT
κ
κ(κ) for all regular α < κ.
Proof. Pick a κ-modelM and a uniformM -ultrafilter U on κ that isM -normal and κ-amenable forM . Then
Ult(M,U) is well-founded and H(κ+)M = H(κ+)Ult(M,U) ∈ Ult(M,U). Fix x ∈ P(κ)M . Using the closure
properties of M and the fact that jU is κ-powerset preserving, we can construct a continuous sequence
〈Mi ∈ H(κ+)M | i ≤ α+〉 of elementary submodels of H(κ+)M with x ∈ M0 and <κMi ∪ {Mi ∩ U} ∈Mi+1
for all i < α+. Set M∗ = Mα+ and U∗ = U ∩M∗ ∈ H(κ
+)M ⊆ Ult(M,U). Our construction then ensures
that, in Ult(M,U), we have x ∈ M∗ ≺ H(κ+) is a weak κ-model closed under α-sequences and U∗ is a
uniform M∗-ultrafilter that is M∗-normal and κ-amenable for M∗. These computations show that κ is a
Tκ
+
α -Ramsey cardinal in Ult(M,U). 
The next result yields several statements from Theorem 1.5 (9).
Lemma 14.2. If κ is a strongly Ramsey cardinal, then IκR ∪ {N
κ
iR} ⊆ I
κ
stR, N
κ
stR /∈ I
κ
stR and I
κ
ie * I
κ
stR.
24In particular, this contrasts the hierarchy of large cardinals treated in [27, Section 3].
30 PETER HOLY AND PHILIPP LU¨CKE
Proof. By definition, we have IκR = Icc
κ
ω(κ) ⊆ Icc
κ
κ(κ) = IT
κ
κ(κ) = I
κ
stR. Corollary 9.16 (1) shows that
NκstR = NT
κ
κ(κ) /∈ IT
κ
κ(κ) = I
κ
stR.
Next, since Tκ
+
ω1 -Ramsey cardinals κ are ineffably Ramsey, we can use Proposition 14.1 to show that
NκiR ⊆ NT
κ+
ω1 (κ) ∈ I
κ
stR. Finally, rephrasing the <κ-closure of a model M in a careful way, it is easy to see
that a cardinal κ is strongly Ramsey if and only if for all x ⊆ κ and all P ⊆ P(κ), either P is not equal to
the set of all bounded subsets of κ or there exists a transitive weak κ-model M with x ∈ M , a surjection
s : κ −→M and a uniform M -ultrafilter U such that s[p] ∈M for every p ∈ P , and U is κ-amenable for M
and M -normal. Since this equivalence shows that strong Ramseyness is a Π12-property, the argument used
in the last part of the proof of Lemma 10.1 can be modified to show that Iκie * I
κ
stR. 
The following result will be useful below.
Proposition 14.3. If κ is a Tκ
+
ω1 -Ramsey cardinal, then Isc
κ
ω(κ) ⊆ IT
κ+
ω1 (κ).
Proof. Let M ≺ H(κ+) be a weak κ-model closed under countable sequences, let U be a uniform M -
ultrafilter that is κ-amenable for M and M -normal, let 〈Xn | n < ω〉 be a sequence of elements of U and
set X =
⋂
n<ωXn. Then X ∈ U , X is stationary in M , and elementarity implies that X is stationary in V.
This shows that that sc(M,U) holds. 
The next lemma proves several statements from Theorem 1.5 (10). As mentioned earlier, the argument
showing that Iκ≺cie is not a subset of I
κ
suR is due to Victoria Gitman.
Lemma 14.4. If κ is a super Ramsey cardinal, then IκiR ∪ I
κ
stR ∪ {N
κ
stR} ⊆ I
κ
suR, N
κ
suR /∈ I
κ
suR, and
Iκ≺cie * I
κ
suR.
Proof. Let κ be a super Ramsey cardinal. By definition, we have
IκstR = IT
κ
κ(κ) ⊆ IT
κ+
κ (κ) = I
κ
suR.
Next, Proposition 14.3 allows us to show that
IκiR = Isc
κ
ω(κ) ⊆ IT
κ+
ω1 (κ) ⊆ IT
κ+
κ (κ) = I
κ
suR.
Moreover, Lemma 9.13 directly shows that NκstR = NT
κ
κ(κ) ∈ IT
κ+
κ (κ) = I
κ
suR. Corollary 9.16 (1) now
allows us to conclude that
NκsuR = NT
κ+
κ (κ) /∈ IT
κ+
κ (κ) = I
κ
suR.
Finally, we show that Iκ≺cie * I
κ
suR. In the following, we may assume κ to be completely ineffable, for
otherwise κ ∈ Iκ≺cie \ I
κ
suR. We want to show that N
κ
suR ∈ I
κ
≺cie holds under this additional assumption.
Assume, towards a contradiction, that this is not the case, and pick a sufficiently large regular cardinal θ,
a weak κ-model M ≺ H(θ), and a κ-powerset preserving κ-embedding j : M −→ 〈N, ǫN 〉 such that κ is
not super Ramsey in 〈N, ǫN 〉. However, since the embedding j is κ-powerset preserving, this implies that κ
is not super Ramsey in M , and thus by elementarity of M , κ is not super Ramsey in V, which yields our
desired contradiction. 
15. Locally measurable cardinals
In this section, we prove a few results about locally measurable cardinals that allow us to compare these
cardinals and their ideals to the ones studied above, yielding several statements from Theorem 1.5 (11).
Proposition 15.1. If κ is locally measurable, then Nκlms /∈ I
κ
ms and I
κ
ie * I
κ
ms.
Proof. As noted in Section 9, if we set Ψ ≡ Ψms, then local measurability coincides with Ψκω-Ramseyness
and hence Nκlms = NΨ
κ
ω(κ) as well as I
κ
ms = IΨ
κ
ω(κ). Since Ψ satisfies the assumptions of Lemma 9.15, we
can use the lemma to conclude that NΨκω(κ) /∈ IΨ
κ
ω(κ). Next, since local measurability is a Π
1
2-property, we
can modify the proof of Lemma 10.1 to show that Iκie * I
κ
ms. 
Lemma 15.2. If κ is a locally measurable cardinal, then κ is strongly Ramsey and IκstR ⊆ I
κ
ms.
Proof. Pick A ∈ P(κ) \ Iκms and some x ⊆ κ. Then, there is a transitive weak κ-model M and an M -normal
M -ultrafilter U such that x,H(κ), U ∈M and A ∈ U . But then, U ∈M |= ZFC− implies that P(κ)M ∈M ,
and hence H(κ+)M ∈ M . Then, M contains a continuous sequence 〈Mi | i ≤ κ〉 of elementary submodels
of H(κ+)M with κ, x,A ∈ M0 and (<κMi)M ∪ {Mi ∩ U} ⊆ Mi+1 for all i < κ. By construction, the model
Mκ has cardinality κ in M and, since H(κ) ⊆M , we know that <κMκ ⊆M . But this implies that Mκ is a
κ-model. Since our construction also ensures that U isMκ-normal and κ-amenable forMκ, we can conclude
that A /∈ IκstR. 
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The following result shows that locally measurable cardinals are consistency-wise strictly above all the
large cardinals mentioned in Table 3, noting that ∆∀κ-Ramsey cardinals are implication-wise stronger than
all these large cardinal notions.
Theorem 15.3. If κ is locally measurable, then N∆∀κ ∈ I
κ
ms.
Proof. Assume that κ is locally measurable. Let M be a transitive weak κ-model with Vκ ∈M , let U be an
M -normalM -ultrafilter with U ∈M , let θ > κ be a regular cardinal in Ult(M,U) and let x ∈ H(θ)Ult(M,U).
Using the fact that U is a normal ultrafilter on κ in M and Ult(M,U) can be identified with the ultrapower
Ult(M,U)M of M by U constructed in M , we know that Ult(M,U) is closed under κ-sequences in M ,
and we can find an increasing continuous sequence 〈Mi | i ≤ κ〉 of weak κ-models in Ult(M,U) with the
properties that x ∈ M0, that Mi ≺ H(θ)
Ult(M,U), and that M<κi ∪ {Mi ∩ U} ⊆ Mi+1 for all i < κ. Then,
x ∈ Mκ ≺ H(θ)Ult(M,U), and our construction ensures that Uκ = U ∩Mκ ∈ Ult(M,U) is a κ-amenable
Mκ-ultrafilter in Ult(M,U). Moreover, since U is a normal ultrafilter in M , the filter Uκ is normal in
Ult(M,U). These computations show that κ is ∆∀κ-Ramsey in Ult(M,U), and therefore N∆
∀
κ /∈ U . This
allows us to conclude that the set N∆∀κ is contained in I
κ
ms. 
Note that ∆∀κ-Ramsey cardinals are in particular super Ramsey, and therefore the above theorem provides
a proof for the statement NκsuR ∈ I
κ
ms from Theorem 1.5 (11).
16. The measurable ideal
We close our paper with the investigation of the ideal induced by the property Ψms(M,U) with respect to
Scheme A and Scheme C, and its relations with the ideals studied above. We start by verifying Theorem 1.4
(9) and Theorem 1.5 (12), and then make some further observations concerning this ideal and its induced
partial order P(κ)/Iκ≺ms.
Lemma 16.1. If κ is a measurable cardinal, then I<κms = I
κ
≺ms and this ideal is equal to the complement of
the union of all normal ultrafilters on κ.
Proof. First, if A ⊆ κ with A /∈ I<κms ∩ I
κ
≺ms, then there is a regular cardinal θ > (2
κ)+, an infinite cardinal
λ ≤ κ, a weak (λ, κ)-modelM ≺ H(θ) with A ∈M and anM -ultrafilter U on κ with A ∈ U and Ψms(M,U).
Then U is M -normal and U = F ∩M for some F in M . Therefore elementarity implies that F is a normal
ultrafilter on κ with A ∈ F . In the other direction, assume that λ ≤ κ is an infinite cardinal, F is a normal
ultrafilter on κ and A ∈ F . If θ > (2κ)+ is regular and x ∈ H(θ), then we can pick a weak (λ, κ)-model
M ≺ H(θ) with x,A, F ∈ M . In this situation, it is easy to see that Ψms(M,F ∩M) holds and hence
A /∈ I<κms ∪ I
κ
≺ms. 
Lemma 16.2. If κ is measurable, then I∆∀κ(κ) ∪ I
κ
ms ∪ {N
κ
lms} ⊆ I
κ
≺ms and N
κ
ms /∈ I
κ
≺ms.
Proof. Assume that A ⊆ κ is not in Iκ≺ms. Using Lemma 16.1, we may pick a normal ultrafilter U on κ
such that A ∈ U . But then, A /∈ I∆∀κ(κ) ∪ I
κ
ms is easily seen to be witnessed using suitable models M that
contain U as an element together with the M -ultrafilter U ∩M . Moreover, if U is a normal ultrafilter on
κ, then V and Ult(V, U) contain the same weak κ-models and hence κ is locally measurable in Ult(V, U).
By Lemma 16.1, this shows that Nκlms ∈ I
κ
≺ms. Finally, assume that there is a measurable cardinal κ with
Nκms ∈ I
κ
≺ms, and let κ be minimal with this property. By Lemma 16.1, we can pick a normal ultrafilter U
on κ with κ \Nκms ∈ U . Set M = Ult(V, U). Then κ is measurable in M . Moreover, since H(κ
+) ⊆M , we
have Nκms = (N
κ
ms)
M , and therefore, the minimality of κ implies that Nκms /∈ (I
κ
≺ms)
M . Again, by Lemma
16.1, this yields a normal ultrafilter F on κ in M with Nκms ∈ F . Since the closure properties of M ensure
that F is a normal ultrafilter on κ in V, another application of Lemma 16.1 shows that Nκms /∈ I
κ
≺ms, a
contradiction. 
Note that if κ is measurable, then we have
Iκ≺cie ⊆ I∆
∀
ω(κ) ⊆ I∆
∀
κ(κ) ⊆ I
κ
≺ms
and
IκsuR ⊆ I∆
κ+
κ (κ) ⊆ I∆
∀
κ(κ) ⊆ I
κ
≺ms.
In particular, the above lemma implies the related statements in Theorem 1.5 (12).
Lemma 16.1 shows that the ideal Iκ≺ms can consistently be the complement of a normal ultrafilter on
κ. For example, this holds when there is such a filter U on κ with the property that V = L[U ] holds (see
[22, Corollary 20.11]). This shows that it is possible that the canonical partial order P(κ)/Iκ<ms induced by
this ideal is atomic. In contrast, Theorem 1.4.(1) directly implies that for every inaccessible cardinal κ, the
corresponding partial order P(κ)/I<κia is not atomic. The following results will allow us to show that, for
many of the large cardinal properties characterized in this paper that are weaker than measurability, their
corresponding ideals do not induce atomic quotient partial orders.
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Lemma 16.3. Let I be a normal ideal on an uncountable regular cardinal κ.
(1) If [A]I is an atom in the partial order P(κ)/I, then UA = {B ⊆ κ | A \B ∈ I} is a normal ultrafilter
on κ containing A, with I+ ∩ P(A) = UA ∩ P(A).
(2) If the partial order P(κ)/I is atomic, then κ is a measurable cardinal with Iκ≺ms ⊆ I, and the ideal I
is precipitous.
Proof. (1) Assume that there is B ∈ P(κ) \ UA with κ \B /∈ UA. Then A ∩B,A \B ∈ I+, and this implies
that [A ∩ B]I and [A \ B]I are incompatible conditions in P(κ)/I below [A]I, a contradiction. Since I is
a normal ideal on κ, this shows that UA is a normal ultrafilter on κ. Moreover, if B ∈ UA ∩ P(A), then
A \ B ∈ I and A ∈ I+ implies that B ∈ I+. Finally, if B ∈ P(A) \ UA, then the above computations show
that A \B ∈ UA, and hence, B ∈ I.
(2) By (1), the existence of an atom in P(κ)/I implies the measurability of κ. Next, if A ∈ I+, then our
assumption yields a B ∈ I+ ∩ P(A) with the property that [B]I is an atom in P(κ)/I and, by (1), the filter
UB witnesses that A is an element of (I
κ
ms)
+. This shows that I+ ⊆ (Iκms)
+ and therefore Iκms ⊆ I. Finally,
let σ be a strategy for the Player Nonempty in the precipitous game GI (see [17, Lemma 22.21]), with the
property that whenever Player Empty plays A ∈ I+ for their first move of the game, then Nonempty replies
by playing B ∈ I+ ∩ P(A) so that [B]I is an atom in P(κ)/I. Now, if 〈An | n < ω〉 is a run of GI in which
Nonempty played according to σ, then the above arguments show that U = UA1 is a normal ultrafilter on κ
with An ∈ U for all n < ω. Hence, ∅ 6=
⋂
n<ω An ∈ U . This shows that σ is a winning strategy for Nonempty
in GI, and therefore that I is precipitous. 
Note that the above lemma allows us to derive the statements on the non-atomicity of the induced ideals
in all items of Theorem 1.5: For any large cardinal notion weaker than measurability that is mentioned in
the theorem, the results of Theorem 1.5 that we have already verified show that their corresponding ideals
on a measurable cardinal κ are strictly contained in the measurable ideal Iκ≺ms on κ. Together with Lemma
16.3.(2), this shows that these ideals can never be atomic.
In the remainder of this section, we consider the question whether the partial order induced by the
measurable ideal has to be atomic. The following lemma gives a useful criterion for the atomicity of these
partial orders. Note that the assumption of the lemma is satisfied if the Mitchell order on the collection
of normal ultrafilters on the given measurable cardinal is linear. As noted in [11], this statement holds in
all known canonical inner models for large cardinal hypotheses, and is expected to also be true in potential
canonical inner models for supercompact cardinals.
Lemma 16.4. If κ is a measurable cardinal with the property that any set of pairwise incomparable elements
in the Mitchell ordering at κ has size at most κ, then the partial order P(κ)/Iκ≺ms is atomic.
Proof. Let I = Iκ≺ms, and fix A ∈ I
+. Let F denote the collection of all normal ultrafilters on κ that contain
A, and let F0 denote the set of all elements of F that are minimal in F with respect to the Mitchell ordering.
Note that any two elements of F0 are incomparable, hence F0 has size at most κ by our assumption. Lemma
16.1 implies that F0 6= ∅. We may thus pick some U ∈ F0.
Claim. There exists B ∈ P(A) ∩ U with the property that U is the unique element of F0 that contains B.
Proof of the Claim. We may assume that F0 6= {U}. Let u : κ −→ F0 \ {U} be a surjection. Given α < κ,
fix Bα ∈ U \ u(α). Define B = A ∩ △α<κBα ∈ P(A) ∩ U . Then, B /∈ u(α) for any α < κ, for otherwise
we would have B ∩ (α, κ) ∈ u(α), and hence Bα ∈ u(α) for some α < κ, contradicting our assumption on
Bα. 
Claim. There exists C ∈ P(B) ∩ U with the property that U is the unique normal ultrafilter on κ that
contains C.
Proof of the Claim. First, assume that U has Mitchell rank 0. Then
C = {α ∈ B | α is not measurable} ∈ P(B) ∩ U.
Let U ′ be a normal ultrafilter on κ that contains C. Then A,B ∈ U ′ and U ′ has Mitchell rank 0. This
implies U ′ ∈ F0 and, by the previous claim, we can conclude that U = U ′.
Now, assume that U has Mitchell rank greater than 0. Define
C = {α ∈ B | α is measurable and B ∩ α /∈ F for every normal ultrafilter F on α}.
Then U ∈ F0 implies that C ∈ P(B) ∩ U . Let U ′ be a normal ultrafilter on κ that contains C. Then
A,B ∈ U ′ and U ′ ∈ F0. By the above claim, we know that U = U ′ . 
Claim. The condition [C]I is an atom in the partial order P(κ)/I.
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Proof of the Claim. Pick D,E ∈ I+ with [D]I, [E]I ≤P(κ)/I [C]I. By Theorem 1.4.(9), we can find normal
ultrafilters U0 and U1 on κ with D ∈ U0 and E ∈ U1. Then C ∈ U0 ∩ U1, U = U0 = U1, D ∩ E ∈ U ⊆ I+,
and [D ∩ E]I ≤P(κ)/I [D]I, [E]I. 
This completes the proof of the lemma. 
In contrast to the situation studied in the above lemma, the next result shows that it is possible to
combine ideas from a classical construction of Kunen and Paris from [25] with results of Hamkins from [13]
to obtain a measurable cardinal κ with the property that the ideal Iκ≺ms induces an atomless partial order.
Theorem 16.5. Let κ be a measurable cardinal. Then, in a generic extension of the ground model V,
the cardinal κ is measurable and the partial order P(κ)/Iκ≺ms is atomless. Moreover, if the ideal I
κ
≺ms is
precipitous in V, then the ideal Iκ≺ms is precipitous in the given generic extension.
Proof. Let F0 denote the collection of all normal ultrafilters on κ in V, let c be Add(ω, 1)-generic over V,
let F denote the collection of all normal ultrafilters on κ in V[c] and set λ = κ+ = (κ+)V[c]. By the Le´vy–
Solovay Theorem (see [22, Proposition 10.13]) and results of Hamkins (see [13, Corollary 8 and Lemma 13]),
there is a bijection b : F −→ F0 with b(U) = U ∩ P(κ)V and
U = {A ∈ P(κ)V[c] | ∃B ∈ b(U) A ⊇ B}
for all U ∈ F . Given U ∈ F , let jU : V[c] −→ MU = Ult(V[c], U) denote the corresponding ultrapower
embedding. Work in V[c], and let ~P denote the Easton-support product of all partial orders of the form
Add(ν+, 1) for some infinite cardinal ν < κ. Then ~P has cardinality κ and satisfies the κ-chain condition.
Let f be the function with domain κ and f(α) = ~P ↾ [α, κ) for all α < κ. Given U ∈ F , set RU = [f ]U and
define ~RU to be the <λ-support product of λ-many copies of RU . Then RU is a <λ-closed partial order in
MU and there is a canonical isomorphism between j(~P) and ~P×RU in MU . Since we have κMU ⊆MU , the
partial orders RU and ~RU are also <λ-closed in V[c]. Finally, let ~S denote the <λ-support product of all
partial orders of the form ~RU with U ∈ F .
Let G×H be (~P×~S)-generic over V[c]. Given U ∈ F and γ < λ, we let HU,γ denote the filter induced by
H on the γ-th factor of ~RU , and we let jU,γ : V [c,G] −→ MU [G,HU,γ ] denote the corresponding canonical
lifting of jU (see [7, Proposition 9.1]). Finally, we set I = (I
κ
≺ms)
V[c,G,H].
Claim. P(κ)V[c,G,H] ⊆ V[c,G].
Proof of the Claim. Fix A ∈ P(κ)V[c,G,H]. Then, there is a ~P-nice name A˙ in V[c,H ] with A = A˙G. Since
~S is <λ-closed in V[c], the above remarks imply that ~P satisfies the κ-chain condition and has cardinality κ
in V[c,H ]. This shows that A˙ is an element of V[c] and we can conclude that A = A˙G ∈ V[c,G]. 
The above claim directly implies that if U ∈ F and γ < λ, then
Uγ = {A ∈ P(κ)
V[c,G] | κ ∈ jU,γ(A)}
is a normal ultrafilter on κ in V[c,G,H ].
Claim. Given U ∈ F , γ < λ and a ~P-name A˙ ∈ V[c] for a subset of κ, the set A˙G is an element of Uγ
if and only if there is a condition ~p ∈ G, an element E of U and a function g ∈ V[c] with domain κ and
[g]U ∈ HU,γ such that for all α ∈ E, we have supp(~p) ⊆ α, g(α) ∈ ~P ↾ [α, κ) and ~p ∪ g(α) 
V[c]
~P
“ αˇ ∈ A˙”.
Proof of the Claim. Let K denote the filter on jU (~P) induces by G × HU,γ . First, assume that A˙G is an
element of Uγ . Then κ ∈ jU,γ(A˙G) = jU (A˙)K and there exists a condition ~q in K with the property
that ~q MU
jU (~P)
“ κˇ ∈ jU (A˙)”. Set ~p = ~q ↾ κ ∈ G and pick a function g in V[c] with domain κ satisfying
[g]U = ~q ↾ [κ, jU (κ)) ∈ HU,γ . Moreover, define
E = {α < κ | supp(~p) ⊆ α, g(α) ∈ ~P ↾ [α, κ), ~p ∪ g(α) V[c]~P “ αˇ ∈ A˙”} ∈ V[c].
By  Los’ Theorem, our assumptions on ~q directly imply that E is an element of U . In the other direction, if
~p, g and E satisfy the properties listed in the statement of the claim, then  Los’ Theorem implies that
~p ∪ [g]U 
MU
jU (~P)
“ κˇ ∈ jU (A˙)”
and hence jU,γ(A˙
G) = jU (A˙)
K ∈ Uγ . 
Claim. If W is a normal ultrafilter on κ in V[c,G,H ], then W ∩ V[c] ∈ F .
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Proof of the Claim. Since the partial order ~P × ~S is σ-closed in V[c], the results of [13] mentioned above
yield an ultrafilter U ∈ F with W ∩ V = b(U) = U ∩ V. Since
U = {A ∈ P(κ)V[c] | ∃B ∈ W ∩ V A ⊆ B}
is an ultrafilter in V[c], we can conclude that U =W ∩ V[c]. 
Claim. We have
I = P(κ)V[c,G] \
⋃
{Uγ | U ∈ F , γ < λ}
= {A ∈ P(κ)V[c,G] | ∃B ∈ (Iκms)
V[c] A ⊆ B}.
Proof of the Claim. Fix a ~P-name A˙ ∈ V[c] for a subset of κ, and let O denote the set of all ~p in ~P with
D~p = {α < κ | ~p 
V[c]
~P
“ αˇ /∈ A˙”} ∈
⋂
F .
First, assume that there is a ~p ∈ G ∩ O. Then A˙G ∩ D~p = ∅ and, if W is a normal ultrafilter on κ in
V[c,G,H ], then D~p ∈ W ∩ V[c] ∈ F and hence A˙
G /∈ W . By Theorem 1.4.(9), this shows that A˙G ∈ I. In
particular, we have A˙G /∈ Uγ for all U ∈ F and γ < λ. Finally, these arguments also directly show that
A˙G ⊆ κ \D~p ∈ (I
κ
ms)
V[c] holds.
Now, assume that G ∩O = ∅. Since O is an open subset of ~P in V[c], there is ~p0 ∈ G with the property
that no condition below ~p0 in ~P is an element of O. Fix some condition (~p1, ~s1) below (~p0,1~S) in
~P × ~S.
Then, there is U ∈ F with
E = {α < κ | α is inaccessible with ~p1 6
V[c]
~P
“ αˇ /∈ A˙”} ∈ U.
This allows us to find a sequence 〈~qα ∈ ~P | α < κ〉 in V[c] with ~qα ≤~P ~p1 and ~qα 
V[c]
~P
“ αˇ ∈ A˙” for all
α ∈ E. Then the set supp(~qα ↾ α) is bounded in α all for α ∈ E and hence, using the normality of U and
the inaccessibility of the elements of E, we find a condition ~p below ~p1 in ~P and an element F of U with
F ⊆ E and ~qα ↾ α = ~p for all α ∈ F . Now, pick a function g ∈ V[c] with domain κ and g(α) = ~qα ↾ [α, κ)
for all α ∈ F . Then ~p ∪ g(α) 
V[c]
~P
“ αˇ ∈ A˙” for all α ∈ F . Finally, fix γ ∈ λ \ supp(~s1(U)). Then, there
is a condition ~s below ~s1 in ~S with the property that γ ∈ supp(~s(U)) and ~s(U)(γ) = [g]U . By genericity,
these computations allow us to find a condition (~p,~s) in G × H with the property that there are U ∈ F ,
E ∈ U , γ < λ and a function g ∈ V[c] with domain κ and [g]U = ~s(U)(γ), such that for all α ∈ E, we have
supp(~p) ⊆ α, g(α) ∈ ~P ↾ [α, κ) and ~p ∪ g(α) V[c]~P “ αˇ ∈ A˙”. By a previous claim, this shows that A˙
G is an
element of Uγ , and hence A˙
G /∈ I. Finally, if B ∈ (Iκms)
V[c], then κ \B ∈ U ⊆ Uγ and hence A˙G * B. 
Claim. In V[c,G,H ], the partial order P(κ)/I is atomless.
Proof of the Claim. Pick a P-name A˙ in V[c] with A˙G /∈ I. By the previous claim, there is U ∈ F and
γ < λ with A˙G ∈ Uγ . In this situation, earlier remarks show that we can find (~p0, ~s0) ∈ G × H , E ∈ U
and a function g ∈ V[c] with domain κ and [g]U = ~s0(U)(γ) such that supp(~p0) ⊆ α, g(α) ∈ ~P ↾ [α, κ) and
~p0∪g(α) 
V[c]
~P
“ αˇ ∈ A˙” for all α ∈ E. Fix a condition (~p1, ~s1) below (~p0, ~s0) in ~P×~S and δ ∈ λ\supp(~s1(U)).
Then, we can find F ∈ U and a function h ∈ V[c] with domain κ and [h]U = ~s1(U)(γ) such that supp(~p1) ⊆ α
and g(α) ∈ ~P ↾ (α, κ) holds for all α ∈ F . Since partial orders of the form ~P ↾ [α, κ) with α < κ are atomless,
we can find functions hγ , hδ ∈ V[c] with domain κ with the property that hγ(α) and hδ(α) are incompatible
conditions below h(α) in ~P ↾ [α, κ) for all α ∈ F . Then, there is a ~P-name B˙ ∈ V[c] with the property that
whenever K is ~P-generic over V[c], then B˙K = {α ∈ A˙ | hγ(α) ∈ K}. Then ~p1 ∪ hγ(α) 
V[c]
~P
“ αˇ ∈ B˙ ⊆ A˙”
and ~p1 ∪ hδ(α) 
V[c]
~P
“ αˇ ∈ A˙ \ B˙ ” for all α ∈ E ∩ F . Moreover, there is a condition (~p,~s) below (~p1, ~s1)
in ~P × ~S with ~s(U)(γ) = [hγ ]U and ~s(U)(δ) = [hδ]U . A genericity argument now shows that there is
B ∈ Uγ ∩ P(A˙G) with the property that A˙G \ B ∈ Uδ for some δ < λ. In particular, the condition [A˙G]I is
not an atom in the partial order P(κ)/I in V[c,G,H ]. 
Claim. If the ideal Iκ≺ms is precipitous in V, then the ideal I is precipitous in V[c,G,H ].
Proof of the Claim. A result of Kakuda (see [21, Theorem 1]) shows that the set
{A ∈ P(κ)V[c] | ∃B ∈ (Iκ≺ms)
V A ⊆ B}
is a precipitous ideal on κ in V[c]. As observed above, this ideal is equal to (Iκ≺ms)
V[c]. Since the partial
order ~S is <λ-closed in V[c], this shows that (Iκ≺ms)
V[c] is also a precipitous ideal on κ in V[c,H ]. Since the
partial order ~P satisfies the κ-chain condition in V[c,H ], another application of Kakuda’s result shows that
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the set {A ∈ P(κ)V[c,G] | ∃B ∈ (Iκ≺ms)
V[c] A ⊆ B} is a precipitous ideal on κ in V[c,G,H ]. By an above
claim, this collection is equal to the ideal I. 
This completes the proof of the theorem. 
17. Concluding remarks and open questions
For many large cardinal properties corresponding to some property of models and filters, we either were
able to show or it was known that the collection of all smaller cardinals without the given property is not
contained in the induced ideal. Since each of these arguments has its individual proof that relies on the
specific large cardinal property, it is natural to ask whether this conclusion holds true in general.
Question 17.1. Assume that Scheme A (respectively, Scheme B or Scheme C) holds true for some large
cardinal property Φ(κ) and some property Ψ(M,U) of models and filters. Does NκΦ /∈ I
<κ
Ψ (respectively,
NκΦ /∈ I
κ
Ψ or N
κ
Φ /∈ I
κ
≺Ψ) hold for every cardinal κ with Φ(κ)?
For some large cardinal properties that can be characterized through Scheme C, we were not able to
show that NκΦ /∈ I
κ
≺Ψ always holds. The difficulties in these arguments are mostly caused by the fact that
elementary submodels of some large H(θ)M cannot be transferred between some weak κ-model M and its
ultrapowers. In particular, the following statements are left open:
Question 17.2. (1) Does NκωR /∈ I
κ
≺wR hold for every ω-Ramsey cardinal κ?
(2) Does NκnR /∈ I
κ
≺nR hold for every ∆
∀
ω-Ramsey cardinal κ?
For Ramsey-like cardinals characterized through the validity of Scheme B, Lemma 9.15 is our main tool
to show that NκΦ /∈ I
κ
Ψ. Since we considered several properties of models and ultrafilters that are not absolute
between V and the corresponding ultrapowers, we naturally arrive at the following question:
Question 17.3. Let κ be a Ψϑα-Ramsey cardinal with α ≤ κ, ϑ ∈ {κ, κ
+} and Ψ ∈ {cc,∞,∆}. Is it true
that NΨϑα(κ) /∈ IΨ
ϑ
α(κ)?
The individual results of our paper strongly support the idea that most natural large cardinal notions
below measurability canonically induce large cardinal ideals in a way that the relationship between those
ideals reflects the relationship between the corresponding large cardinal notions, as is examplified by the
results listed in Theorem 1.5. Therefore, it is natural to ask whether this can be done more generally:
Question 17.4. Given large cardinal properties Φ0 and Φ1 and properties Ψ0 and Ψ1 of models and filters
that are each connected through one of our characterization schemes in a canonical way,25 . . .
• . . . is it true that Φ0(κ) provably implies Φ1(κ) for every cardinal κ if and only if it can be proven
that for every cardinal κ satisfying Φ0(κ), the ideal on κ induced by Φ1 and Ψ1 is contained in the
ideal on κ induced by Φ0 and Ψ0?
• . . . is it true that Φ0 has strictly larger consistency strength than Φ1 if and only if it can be proven
that for every cardinal κ satisfying Φ0(κ), the set N
κ
Φ1
is an element of the ideal on κ induced by Φ0
and Ψ0?
In this paper, we introduced several new large cardinal concepts, whose relationships to each other are
only partially established. For example, every ∆∀ω-Ramsey cardinal is trivially cc
∀
ω-Ramsey. However, we
do not know if this implication can be reversed, and, in the light of Proposition 13.1, we ask the following:
Question 17.5. Are cc∀ω-Ramseyness and ∆
∀
ω-Ramseyness distinct large cardinal notions? Are their con-
sistency strengths distinct?
The following related question is also open:
Question 17.6. Are ineffable Ramseyness, ∞κω-Ramseyness, and ∆
κ
ω-Ramseyness distinct large cardinal
notions? Are their consistency strengths distinct? What is their relationship with cc∀ω-Ramsey cardinals?
The results of Section 16 show that the atomicity of partial orders of the form P(κ)/Iκ≺ms depends on the
ambient model of set theory. In all models constructed in this section however, the ideal Iκ≺ms is precipitous,
which motivates the following question:26
Question 17.7. If κ is a measurable cardinal, is the ideal Iκ≺ms precipitous?
25Note that, in the case of weak compactness, the results of Sections 6 and 7 already show that these questions can have
negative answers by showing that the various characterizations of weak compactness induce both the bounded and the weakly
compact ideal. Therefore, it does not make sense to consider these questions for arbitrary instances of our characterization
schemes.
26Let us mention the following two related results: Hellsten has shown (see [15]) that for a weakly compact cardinal, the
weakly compact ideal can consistently be precipitous. Johnson (see [20]) has shown that for a completely ineffable cardinal,
the completely ineffable ideal is never precipitous.
36 PETER HOLY AND PHILIPP LU¨CKE
References
[1] Fred G. Abramson, Leo A. Harrington, Eugene M. Kleinberg, and William S. Zwicker. Flipping properties: a unifying
thread in the theory of large cardinals. Ann. Math. Logic, 12(1):25–58, 1977.
[2] James E. Baumgartner. Ineffability properties of cardinals. I. In Infinite and finite sets (Colloq., Keszthely, 1973; dedicated
to P. Erdo˝s on his 60th birthday), Vol. I, pages 109–130. Colloq. Math. Soc. Ja´nos Bolyai, Vol. 10. North-Holland,
Amsterdam, 1975.
[3] James E. Baumgartner. Ineffability properties of cardinals. II. In Logic, foundations of mathematics and computability
theory (Proc. Fifth Internat. Congr. Logic, Methodology and Philos. of Sci., Univ. Western Ontario, London, Ont.,
1975), Part I, pages 87–106. Univ. Western Ontario Ser. Philos. Sci., Vol. 9. Reidel, Dordrecht, 1977.
[4] Erin Carmody, Victoria Gitman, and Miha E. Habicˇ. A Mitchell-like order for Ramsey and Ramsey-like cardinals. Fund.
Math., 248(1):1–32, 2020.
[5] Brent Cody. A refinement of the Ramsey hierarchy via indescribability. To appear in the The Journal of Symbolic Logic,
2020.
[6] Brent Cody and Victoria Gitman. Easton’s theorem for Ramsey and strongly Ramsey cardinals. Ann. Pure Appl. Logic,
166(9):934–952, 2015.
[7] James Cummings. Iterated forcing and elementary embeddings. In Handbook of set theory. Vols. 1, 2, 3, pages 775–883.
Springer, Dordrecht, 2010.
[8] Qi Feng. A hierarchy of Ramsey cardinals. Ann. Pure Appl. Logic, 49(3):257–277, 1990.
[9] Victoria Gitman. Ramsey-like cardinals. J. Symbolic Logic, 76(2):519–540, 2011.
[10] Victoria Gitman and Philip D. Welch. Ramsey-like cardinals II. J. Symbolic Logic, 76(2):541–560, 2011.
[11] Gabriel Goldberg. The linearity of the Mitchell order. J. Math. Log., 18(1):1850005, 17, 2018.
[12] Joel David Hamkins. The weakly compact embedding property. Talk at the Conference in honor of
Arthur W. Apter and Moti Gitik at Carnegie Mellon University, May 30-31, 2015. Slides available at
http://jdh.hamkins.org/wp-content/uploads/2015/05/Weakly-compact-embedding-property-CMU-2015.pdf.
[13] Joel David Hamkins. Extensions with the approximation and cover properties have no new large cardinals. Fund. Math.,
180(3):257–277, 2003.
[14] Kai Hauser. Indescribable cardinals and elementary embeddings. J. Symbolic Logic, 56(2):439–457, 1991.
[15] Alex Hellsten. Saturation of the weakly compact ideal. Proc. Amer. Math. Soc., 138(9):3323–3334, 2010.
[16] Peter Holy and Philipp Schlicht. A hierarchy of Ramsey-like cardinals. Fund. Math., 242(1):49–74, 2018.
[17] Thomas Jech. Set theory. Springer Monographs in Mathematics. Springer-Verlag, Berlin, 2003. The third millennium
edition, revised and expanded.
[18] Ronald B. Jensen and Kenneth Kunen. Some combinatorial properties of L and V . Handwritten notes, 1969.
[19] C. A. Johnson. Distributive ideals and partition relations. J. Symbolic Logic, 51(3):617–625, 1986.
[20] C. A. Johnson. More on distributive ideals. Fund. Math., 128(2):113–130, 1987.
[21] Yuzuru Kakuda. On a condition for Cohen extensions which preserve precipitous ideals. J. Symbolic Logic, 46(2):296–300,
1981.
[22] Akihiro Kanamori. The higher infinite. Springer Monographs in Mathematics. Springer-Verlag, Berlin, second edition,
2003. Large cardinals in set theory from their beginnings.
[23] Eugene M. Kleinberg. A combinatorial characterization of normal M -ultrafilters. Adv. in Math., 30(2):77–84, 1978.
[24] Kenneth Kunen. Inaccessibility properties of cardinals. ProQuest LLC, Ann Arbor, MI, 1968. Thesis (Ph.D.)–Stanford
University.
[25] Kenneth Kunen and Jeffrey B. Paris. Boolean extensions and measurable cardinals. Ann. Math. Logic, 2(4):359–377,
1970/1971.
[26] William Mitchell. Ramsey cardinals and constructibility. J. Symbolic Logic, 44(2):260–266, 1979.
[27] Dan Saattrup Nielsen and Philip D. Welch. Games and Ramsey-like cardinals. J. Symbolic Logic, 84(1):408437, 2019.
[28] Niels Ranosch. Investigating Ramsey-like and other large cardinals. Master’s thesis, University of Bonn, 2018.
[29] Ian Sharpe and Philip D. Welch. Greatly Erdos cardinals with some generalizations to the Chang and Ramsey properties.
Ann. Pure Appl. Logic, 162(11):863–902, 2011.
[30] Wen Zhi Sun. Stationary cardinals. Arch. Math. Logic, 32(6):429–442, 1993.
University of Udine, Via delle Scienze 206, 33100 Udine, Italy
E-mail address: pholy@math.uni-bonn.de
Institut de Matema`tica, Universitat de Barcelona, Gran via de les Corts Catalanes 585, 08007 Barcelona,
Spain
E-mail address: pluecke@math.uni-bonn.de
